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ABSTRACT 

Precise attitude determination is indispensable and vital for navigation, guidance and 

control of objects in motion such as satellites, aircrafts, ships and land vehicles. Attitude 

determination using multi-antenna GNSS has the advantages of low cost, zero drift, full-

time operation and the ability to independently determine three-axis attitudes, which can be 

used by most moving objects from sea, land, air and space. Due to its incomparable 

advantages over traditional attitude determination technologies, GNSS attitude 

determination has a wide application prospect in the military, civil and commercial fields. 

However, current studies and applications mainly focus on the dual-antenna case, the case 

with three or more antennas still requires in-depth investigation. Although several global 

navigation satellite systems are developing rapidly and becoming more mature, current 

studies on GNSS attitude determination are limited to GPS only. Previous studies are 

confined to low-rate applications using GNSS data with the sampling rate of 1 Hz or lower, 

which can not satisfiy the need of high-rate attitude determination for high dynamic objects 

or in the research on rotational seismology. Besides, the GNSS technology has the inherent 

disadvantages of relatively high noise level and low-quality or even unavailable solutions 

under satellite-deprived environments. These limitations seriously restrict the development 

and applications of the technology of GNSS attitude determination. 

To meet the demand of high-rate, high-accuracy and high-reliability attitude 

determination, this thesis conducts systematic and in-depth research on the theory and 

algorithm of multi-antenna GNSS attitude determination and tightly-coupled multi-antenna 

GNSS/INS for attitude determination, comprehensively evaluates the performance of high-

rate and multi-GNSS attitude determination, proposes the algorithm of tightly-coupled 

multi-antenna GNSS/INS for attitude determination, and evaluates the performance of a 

vehicle-based attitude determination system. This thesis is expected to build a solid 

theoretical and practical foundation for the wide applications of multi-antenna GNSS attitude 

determination and tightly-coupled multi-antenna GNSS/INS for attitude determination. The 

main work and contributions of this thesis are summarized as follows: 

1. This thesis deeply studies the algorithm of GNSS attitude determination, conducts 

simulation analysis on theoretical attitude precisions and develops the software for high-rate 

and multi-GNSS attitude determination. We mainly study the two methods of GNSS attitude 

determination, namely the baseline method and direct method, and discuss the key issues in 

GNSS attitude determination such as integer ambiguity resolution, error correction models 

and theoretical attitude precisions. Through the simulation analysis of theoretical attitude 
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precisions, we investigate the impacts of antenna geometry and current attitudes on attitude 

precisions, which is helpful in designing GNSS attitude determination systems. Based on 

these studies, we design and implement the multi-antenna GNSS attitude determination 

supporting high-rate (1ï50 Hz) and multi-GNSS (GPS, BeiDou, GLONASS and Galileo) 

processing. 

2. This thesis designs and establishes experimental platforms for attitude determination, 

and comprehensively evaluates the performance of high-rate and multi-GNSS attitude 

determination in both static and dynamic conditions. We compare the attitudes derived from 

three antennas with those from two antennas, demonstrating that using three antennas is able 

to determine three-axis attitudes and achieve higher attitude precisions. Therefore, attitude 

determination using three or more antennas is more advantageous than using two antennas 

in practical applications. Generally speaking, the yaw angle is the most precise among the 

three components of attitudes, and the attitudes using GPS is more precise than those using 

other systems. Compared with single-GNSS, using multi-GNSS can significantly improve 

the precision of attitude determination. Besides, taking the 2011 Tohoku MW9.0 earthquake 

as an example, we present the preliminary results of applying the technology of high-rate 

GNSS attitude determination to the study of rotational seismology, demonstrating that the 

technology of GNSS attitude determination can precisely measure small-amplitude 

coseismic rotations. 

3. Aimed at the applications of high-rate GNSS attitude determination, we establish the 

stochastic models of high-rate GNSS observations and analyze the impact of stochastic 

models on the success rate of ambiguity resolution. Using the method of least-squares 

variance component estimation, we study the stochastic properties including precisions, 

cross correlations and time correlations for high-rate (50 Hz) GPS/BeiDou phase and code 

observations. The results reveal that precisions of GPS/BeiDou observations exhibit 

elevation-dependent patterns. The cross correlations between GPS L1 and L2 phase 

observations and between BeiDou B1 and B2 phase observations are very significant, with 

the coefficients reaching 0.773 and 0.927, respectively. Within very short time intervals of 

0.02ï0.12 s, code observations have strong time correlations, while phase observations only 

have weak time correlations. We analyze the impact of stochastic models on ambiguity 

resolution, demonstrating that under satellite-deprved enviroments, using refined stochastic 

models can increase the success rate of ambiguity resolution in single-frequency and single-

epoch mode. 

4. To overcome the degradation problem of the precision and availability of GNSS 
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attitude determination under satellite-deprived environments, this thesis presents the 

algorithm of multi-antenna GNSS/INS tightly-coupled integration for attitude determination. 

This algorithm combines multi-antenna GNSS and low-cost INS, takes full advantage of the 

complementary characteristics of these two techniques of attitude determination, and 

provides continuous, reliable and high-precision attitudes under complicated environments. 

We disscuss the system model and derive the observation model for multi-antenna 

GNSS/INS tightly-coupled integration, design the algorithm and conduct researches on 

practical issues including initial state determination, the attitude transformation from the 

GNSS antenna frame to the IMU body frame and the time synchronization between GNSS 

and INS output. On these bases, we develop a complete software of multi-antenna 

GNSS/INS tightly-coupled integration for attitude determination. 

5. We design and establish a vehicle-based multi-antenna GNSS/INS attitude 

determination system, conduct many experiments of vehicle-based attitude determination 

under different environments, and evaluate the performance of multi-antenna GNSS attitude 

determination and GNSS/INS integration for attitude determination. The analysis of multi-

antenna GNSS attitudes demonstrates that under complicated enviroments such as urban 

areas, the success rate of ambiguity resolution is generally lower than 82%̆and that signal 

outage frequently occurs. We then assess the performance of multi-antenna GNSS/INS 

tightly-coupled integration for attitude determination. The results reveal that the three-axis 

attitude information provided by multi-antenna GNSS can effectively suppress the drifts in 

INS attitudes, and meanwhile INS helps to smooth the GNSS attiudes and bridge the GNSS 

outages. Multi-antenna GNSS/INS tightly-coupled integration for attitude determination 

effectvively increase the precision, availability and reliability of attitude results, which 

exhibits outstanding advantages under complicated environments such as urban areas full of 

high-rise buildings. 

 

Keywords: GNSS Attitude Determination; High-Rate GNSS; Multi-Constellation 

GNSS; GNSS/INS Tightly-Coupled Integration; Stochastic Model; Variance 

Component Estimation 
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OMEGA Optimal Method for Estimating GPS Ambiguities̆GPS ᵀ ᴨ

 

PDOP  Position Dilution of Precision̆ᵝ  

PNT  Positioning, Navigation and Timinğ ᵝȁ  

PPP  Precise Point Positioninğ ᵝ 

QUEST QUaternion ESTimator̆ ᾝ ᵀ  

RTK  Real Time Kinematic̆ ꜚ ᵝ 

RTS  Rauch-Tung-Striebel̆RTSᴨ  

SNR  Signal to Noise RatiŏḤ  

STD  Standard Deviation̆ ‰Ẓ  

SPP  Standard Point Positioninğᴺ ᵝ 

TC  Tightly Coupled̆  

TCAR  Three Carrier Ambiguity Resolution̆҈  

VCE  Variance Component Estimation̆ № ᵀ  

VRW  Velocity Random Walk̆  
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 1   

1.1 ӎ 

̂Attitudẽ ᵣ Ҭ ᵝ ҈̆ ҍ҈ ᵝ ѿ ԅ

ᵣ Ȃ └ȁ └ ȁ ȁ ᾣ

ץ ȁ ȁ Ҭ̆ ῏ ̂Han 

et al., 2013Ȃ̃ Ҍ ̆ ᵣ ´Ԋȁ ȁ ҙ

Ȃ 

ᴰ ᴰ ȁ ᴰ ȁ ȁ ⱬ ȁ ץת

ⱴ ̂Chu and van Woerkom, 1997Ȃ̃ ȁ ᴰ

ԍ ̆ ȁ ȁ ᵣ ̆ ֓

̆ ҡ Ḥ ̕ ⱬ ῒ

̆ ΐ ̂ , 2011Ȃ̃ ȁ ȁ Ҭ̆

ת ⱴ ̂Inertial 

Navigation System, INSȂ̃ ̆INS ѿ ∆ ץ ∆ ̆ῒ

ᴪ ̆ ғ INS ȁᴇ Ȃ ̂Attitude and 

Heading Reference System, AHRS̃ ѿ ╠ ᶏ ̆ Һ

ⱴ ȁ ת ⱬ ̆ ԍ ̆

⌠ ̂Li et al., 2011Ȃ̃ ԍᴰ ᴰ ҉ Ҍ ̆

ᴰ ᾟȁ ᴍ ף ̆ ԍ ץ ᵞ

ᵣ ҹ ℗Ȃ 

ῃ ̂Global Navigation Satellite System, GNSS≠̃

Ḥ ҍ ̆ ҹῃ ᶫ҈ ȁῃ Ṝȁ ᵝȁ

Ⱶ̂Positioning, Navigation and Timing, PNT̃Ȃᵄ GNSS ̆

╠ ῃ GNSS ҩ №̆≢ GPŜGlobal Positioning Systemȁ̃

ḇ GLONASŜGLObal Navigation Satellite Systemȁ̃ Galileoץ Ҭ

BeiDoûBeiDou Navigation Satellite System̆Ӟ ΏҹBDS̃ȂSpinney (1976)ȁEllis 

and Creswell (1979)ֲ ᾢ ₮≠ ҩ GNSS ̆ ₮ԅ

ԍ GNSS ̆ ֓ Ҍ №ҹ ԍ

ᵝ ԍ ᵝ Ȃ ԍ ᵝ ԍ ᵞ̆ ᵬ

ҹ Ȃ ԍ ᵝ ≠ ԍ ᵣ ҩ GNSS

ᵣ ̆ῒ №≢ GNSS ᵣ ҍ

Ҋ ̆ ң ῏ ᵣ ԍ



ᵝ  

2 

Ȃ ԍᶏ ԅ 1ï2 mm ᵝ ̆ ԍ ᵝ

GNSS ΐ ̆ Ȃ 

GNSS ΐ ᵞ ȁ ȁῃ Ṝȁ ҈ ᴨ̆ל

ғ ȁ ȁ ȁ ᵣ҉ᶏ ̆ ֓ ῒ ̆

GNSS ҹ Ȃ ╠ GNSS

ԅᴧ ̆ ̂Cannon et al., 1994ȁ̃´Ԋ ̂Tazartes et al., 1995ȁ̃

̂Sevaston et al., 1996, Puri, 1997, Purivigraipong et al., 2005ȁ̃ ̂Tortora, 

2000ȁ̃ ֲ ̂Yun et al., 2011, Qi et al., 2013, Eling et al., 2015ȁ̃ᵞ

̂Nadarajah et al., 2012aȁ̃ ̂Wang et al., 2008, Wu et al., 2013a, Wu et al., 2013bȁ̃

3D ᾣ Nadarajah et al., 2014ã̂ת Ȃ 

GNSS ҍῒ ΐ ₮ ᴨ̆לᵖ GNSS

Ӟ ȂGNSS ₮ ᵞ̆ΐ ̆ Ḥ Ҥ

⌠ ’Ҋ̆ ₮ Ḥ Ҭ ׆ Ҍ ᶫ ȂҌ ԍ

GNSS̆INSҌᴪ ⌠ ̆ῒ ₮ ȁ ̆ ץ ᶫ

Ȃp INS ∆ ̆ ᴪ Ҋ ғ̆ ᶫ

INS ȁᵣ ȁ ȁⱳ ̆ ᵞ ᵣ

Ȃ ̆ ̂Micro Electro Mechanical System, MEMS̃ ̆

ԍMEMS ᴆ̂ ⱴ ҍ ̃ת Ȃҍᴰ ᴆ M̆EMS

ᴆΐ ᵞȁᵣ ȁ ᴨ ̆ ғ └ Ҍ ̆ῒ

̆ ╠ MEMS ᴆ ⌠ ȂGNSSINSң

ΐ ԑ ̆ GNSSҍᵞ INS ѿ ̆ ץ ң ᴨ

̆ל ᵞ ȁ ᵝ ȁ Ȃ

GNSS/INS ԍ ȁ ꜚ ̆ ҹ

Ȃ 

GNSS ԅ ̆ ғ ԅү

̆ᵖ GNSS Ҍ ̆ғҺ Ҭ ȁ ̂GPS̃ȁ

ᵞ ̂1 HzץҊ̃ ̆ ғῒ ̕ ╠GNSS/INS

Һ INSҍ GNSS ̆ Ҋ̆ ᶭ ԍ

ᴆ ץ ᵣ ꜚ̆ ֓ ’Ҋ Ҍ⌠Ḡ Ȃ ̆ ҈ҩ ҈ҩץ

҉ GNSS ̆ ῒ ̆ Ҋץ̂ ľ Ŀ̃ȁ

GNSS ᵀ ̆ GNSS ΐ ᵬ Ȃ ̆

GNSS/INS ̆ GNSSҍ INS ᴨ

̆ל ҍ ̆ ´Ԋȁ ȁ

ΐ № ӈȂ 



GNSS/INS ҍ  

3 

1.2 Ὺ  

1.2.1 GNSS  

ṿ Ҍ ̆GNSS ҹ№ץ ԍḤ ȁ ԍ

/ⱴ ȁ ԍ ץ ԍ ᵝ ṿ ̆ῒҬ╠҈ ҹ

ԍ ᵝ ȂҊ ׃≢№ ֓ ῤ Ȃ 

1.2.1.1 ԓ ᵣ GNSS  

1) ԍḤ  

Hashida and Unwin (1993)ᾢ ₮≠ GPSḤ ̂Signal to Noise Ratio, 

SNR̃ ̆ Ḥ ҍ GPS Ҋ ᵝ ῏ ҈

̆ᴏ ҍḲᴀ ҹ3Á̆ ҹ10ÁȂBuist et al. (1998)

Hashida and Unwin (1993)ԍPoSAT-1 ҉ ̆ ⌠ Ḳᴀ

ᴨԍ1.5Á̆ ᴨԍ7.5Á̆ ѿ ԅ ȂSerrano et 

al. (1995)₮≠ Ḥ ҍḤ Ẓ ῏ ⌠ ̆ Ẋ

῏ԍ ̆ ԍ Ḳᴀ ⌠ ̆

ԍ ҩ ↕ ≠ ԍWahba ̂Wahba, 1965̃ ҈ ̆ᴏ

ҹ1.3Áï17.7ÁȂAxelrad and Behre (1999)Ḥ ҍḤ Ẓ

῏ ₱ ץ ᵀ ̆

ҹ3Áï10ÁȂDuncan and Dunn (1998)GPS ̂Line of Sight, 

LOS̃ҍḤ ӗ̆ ῒ ҍ Ҭ ῏ ̆ῒ

ᴨԍ15Á̆ ≠ Microlab-1 ԅ ȂLightsey and Madsen 

(2003)ɜ ԍ Serrano et al. (1995)̆≠ Ḥ ṿ ҈

̆ № ԅҌ ‰ ‰ ȂWang et al. (2005)

ԅḤ ̆ Ḥ ҍ ȁҍ ῏

ȁ GPS Ḥ ⱳ Ḥ ҍῒ ṿ ̆

ԋӗ̂Least squares, LSQ̃ ᵀ ᴨ ̆ ҹ15ÁȂGross et al. (2016)

ԍ Ḥ ԍ ֲ ̆ ԍ ̆

Ḳᴀ ҍ ⌠5ÁȂ 

2) ԍ /ⱴ  

≠ GNSS ⱴ Ӟ GNSS ȂKornfeld et al. (1998)

Deyst et al. (1999)≠ ̆∆

ᶫ ̆ ԍ ץ ̆

Ḡ ԅ ̆ᵖ ԍ Ҍ ԍ Ҭ ᵣ̆
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̂Gross et al., 2016Ȃ̃Gross et al. (2012)₮ԅ ԍⱴ

̂Acceleration Vector Attitude Estimation, AVAẼ̆ ̆ ֲ Ḳᴀ

ҍ 5Á Ȃ 

3) ԍ  

̂European Space Agency, ESÃ ₮ ԍ ̆

ῒ ≠ Ḥ ῏ԍ Ҭ ҍ

Ҍ ̆ Ҍ ⌠ Ҭ ׆̆ ̂Serrano et al., 

1995; Pasetti et al., 1997Ȃ̃ ԍ ҍ ԍḤ ᵌ̆

ԍ ԋ ̆ ԍ ҩҌ῍ ̆ ≠ ԍ Wahba

҈ Ȃᴏ ̆ ԍ ҹ18Á̆ ԍ

3Áï4ÁȂ ̆ ̆ᵖ ᵞȂ 

GNSS ᵝ Ҍ ᵝ ῒ̆

ȁ ῤ ̆ғ ҩ ԋ ҈ ̆ ⁞ץ ȁ

ᵬ̕ᵖῒ ᵞ̆ ᵬҹ ̆ ԍ

̆ ԍ GNSS ᵝ ∆ ҍ ꜛ ̂Serrano et al., 

1995̕Deyst et al., 1999Ȃ̃ 

1.2.1.2 ԓ ᵣ GNSS  

GNSS ᵝ ṿ 1ï2 mm̂ Misra and Enge, 2006̃̆ ԍGNSS

ᴺ ȁ יּ Ḥ ṿ ̆ ԍ ᵝȁ Ȃ ԍ

ᵝ ≠ ԍ ᵣ ҩ ᵝ ṿ̆

ҍ № ṿ̆ № ṿҍ ῏ ᵀ Ȃҍ ԍ

ᵝ ̆ ץ ̆ └ȁ

ץ ȁ ȁ Ȃ 

1) ᵀ  

GNSSץ ₮ԋ ῒ̆ ҹ ̆ ԍῒ

ȁ ᵞғ ̆ ԅ ҍ ȂGilkey et al. (1995)≠ 1.2 m

̆ ̆ῒ ҹ 0.19Á̆ ԍ ᾥ

ῒ ҹ0.2Áï0.5Á̕ ᶏ ȁ ҹ2.4 mғᵝԍ

̆ ץ ⌠0.04Á̕ Tazartes et al. (1995)₮1 m

0.05Áï0.5ÁȂ 

҈ҩ ҉ץ GNSSץ ҈ Ȃᶏ ҈ҩ ҉ץ ̆ ԍ

ᵝ №ҹ ̆ Ӟ ҹ ̂Wang et al., 2013̕Cheng et 

al., 2014̕ , 2015Ȃ̃ ң ̆ ѿ GNSS ṿᵀ ̆
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ԋ ᵀ ̆ ᵀ №ҹ ԍ Wahba

ȁ ץ ԋӗ ̂Lu, 1995Ȃ̃ GNSS ṿҍ

῏ ̆Ҍ ȂWang et al. (2013)ҹ ҍ

ᴇ̆  (2015)ҹ Ȃ 

Ҭ̆ ᴰ ῒז

ᵝ ̆Wahba ῏ԍ≠ ᵀ

̂Wahba, 1965Ȃ̃ ԍWahba №ҹ ᴨ ̆ ᶏ

̆Ҍᶏ ΌᵩḤ ̕ ᴨ ᶏ ΌᵩḤ ̆ ₱

⌠ ᴨ Ȃ ҹTRIAD̂Shuster and Oh, 1981̃̆ 1964

ᶏ ̂Black, 1964̃̕ ᴨ ҹQUEST̂QUaternion ESTimator, 

ᾝ ᵀ ̆Shuster and Oh, 1981̃̆ 1979 ԍ ̂Shuster, 

2000Ȃ̃ ԍΌᵩ ̆ ғ ᴨ Ҍ ⱴ ғ

ץ ⌠ ̆ Ҍ ̂Shuster, 2000Ȃ̃  1-1↓₮ԅ

ԍWahba ̆ Markley and Mortari (2000)Cheng 

and Shuster (2014)Ȃ ԍWahba ԍ GNSS ̆ ԅ ᶏץ

ᵬҹ ṿ̆Ӟ ᶏץ GNSS ṿ̂Bar-

Itzhack et al., 1998Ȃ̃ ԍWahba ԍ ̆ῒ ᴰ

ԋӗ ѿҩ ̂Crassidis and Markley, 1997, Cohen, 1992Ȃ̃ᵖ

ԍ ᴨ ̆ ⌠ ׂ ⱬ ̆ ױ ẁ ԍᶏ Ҥ

ᴨ Ȃ 

 1-1 ԓWahba ᵆ  

₴    

P. Davenport q Method 
P. Davenport 1968 (see 

Lerner, 1978) 

M.D Shuster 

QUEST Shuster, 1978 

TRIAD Shuster and Oh, 1981 

Filter QUEST Shuster, 1989 

I.Y. Bar-Itzhack 

PD (Polar decomposition) Bar-Itzhack, 1993 

REQUEST Bar-Itzhack, 1996 

Optimized TRIAD 
Bar-Itzhack and Harman, 

1997 

Markley 

SVD (Singular value decomposition) Markley, 1988 

FOAM (Fast optimal attitude matrix) 

and SOMA (Slower optimal matrix 

algorithm) 

Markley, 1993 

Mortari 

EAA (Energy approach algorithm) Mortari, 1995 

Euler-2, TRIAD-2 and Euler-n Mortari, 1996 

ESOQ (Estimator of the optimal 

quaternion) 
Mortari, 1997 

Euler-q Mortari, 1998 
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≠ ң Ҋ Ҍ̆ ᵣ

Ҭ ̆ Ȃᵖ Ҍ ԍ҈ ’̆ ғң

ᶫ ҩ ̆ ֽ ⌠ԅ҈ҩ̆ ᴨ Ȃ ԋӗ

ԍ ̆ ᵣ ȁ Ҭ Ȃҍ Ҍ

̆ ԋӗ ≠ ԅ Ḥ ̆ ԋӗ Ҭ

Ӟᴪ ╝ץ ̆ ץ ᴨ ̂Lu, 1995Ȃ̃ 

ᾢ GNSS ȁ ṿҍ

῏ ̆̓͂ ԍ ⌠ ̆

̆≠ ԋӗ ̂Kalman filter, KF̃ ᵀ Ȃ

Cohen (1992)ȁCheng et al. (2014)₮ Ҭ̆ ף

῀ ᵝ ṿ̆ Ҍ ԍ ȂTeunissen (2007)₮

Ҭ ֜ Ӝᾝ ̆ῒ ғҌ Ȃ 

╠̆ ̆῏ԍ ῒ ̂ ̃

ү ̕ ҹ3 Ҍ ῀̆ ≢ ̆≠

ṿ ̂ , 2015Ȃ̃ 

2)  

GNSSᵝȁ ң ̔₱ Ȃ₱ ԅ

ṿҍ ₃ᵥ ῏ ̆ ῏ ̆ ғ Ҭ

Ȃ ṿ ̆ ԅ ṿ ȁԑ ץ῏

῏ Ȃ Ҭ̆ ᶏ ̆

ᵀ ‰ ᵀ ̂Amiri-Simkooei, 2007Ȃ̃ ̆ᴧ

GNSS ̆ ᵀ ṿ Ҭ ҩ№ ̆ ҩᵀ

ױ № ᵀ ̂Variance Component Estimation, VCEȂ̃ 

Eueler and Goad (1991)̆Gerdan (1995)̆Jin and de Jong (1996)ֲ ԅ

ṿ ҍ ῏ ̆ Jonkman (1998)̆Wang et al. (1998)ֲ ѿ ԅ

GNSS ṿ ԑ ῏ҍ ῏ ȂBona (2000)№ ԅ 7 GPS

ṿ ȁԑ ῏ҍ ῏ȂTiberius and Kenselaar (2003)₮ԅ № ᵀ

Ὲ № ԅ GPS ṿ ̆ ҍ ῏ ȁ

ṿ ԑ ץ῏ ῏ ҹ ̆ Ҍ ṿӊ Ҍ ῏̆

ᶏ ғ ᵬȂLi et al. (2008)№ ԅ Ҍ

GPS ̆ GPS ṿ ҍ ῏̆

ғ ԑ ῏ҍ ῏̆ ױז ₮ Ҍ̆ ץ Ҍ ṿ

ȂAmiri-Simkooei et al. (2009)GPS ṿ № ̆

ԅC1ҍP2 ᴺ ṿץ L1ҍL2 ᵝ ṿ ԑ ῏ȂLi (2016)
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≠ 4 Ҍ ̆ № ԅ ҈ ṿ ̆ № ԅ

Ҍ ᵝ ȂLi (2016)№ ̆ ץ

ⱳ ̆ ғᶏ ᴪᶏ ҍ ѿ Ȃ ῏

ԍGNSS Teunissen and Amiri-Simkooei (2007)Ȃ 

GNSS ԅ ̆ᵖ ֓ ԍ1 Hz ᵞ

GNSS Ȃ ̆ ̂1ï50 Hz̆ 100 HzG̃NSS

̆ ғ֟ ԅ GNSS ̆ GNSS

̂Avallone et al., 2011, Lou et al., 2014, Shu et al., 2017, Xu et al., 2013ȁ̃

̂Colosimo et al., 2011, Geng et al., 2016̃ץ ̂Meng et al., 2007, Moschas 

and Stiros, 2014, Yi et al., 2013̃ Ȃ ̆ GNSS ץ ԍ ꜚ ᵣ

ץ ̂Lee et al., 2009Ȃ̃ ҍᵞ Ҍ └̆

ᶛ ҹԅ ̆ Ḥ Ҍ

ṿ̆׆ ΐ ҍᵞ Ҍ Ȃ ̆ᵞ ԑ ῏ Ҍѿ

ԍ Ȃ ̆ ῤ̂1 ῤ̃ ῏

Ȃ GNSS ӎ ᴪ̆ ױ GNSS

‰ ̆ GNSS ᴇṿ ᾟ№ᵣ Ȃҹԅᾟ№ GNSS ᴇṿ̆

GNSS ῀ Ȃ 

3)  

ᵝ ṿҬ GNSS ᵝȁ ῏ Ȃ

GNSSꜚ ᵝҬ̆ Ḥ Ҍ ̆ №ҹ҈ ̂Kim 

and Langley, 2000̃̔ ԍ ṿ ȁ ԍ ץ ԍ

Ȃ  1-2 ₮ԅGNSSꜚ ᵝҬ № Ȃ 

ԍ ≠ ̂ ԍѿҩ ̃ ȁTCAR 

̂Three Carrier Ambiguity Resolution̆ Forssell et al., 1997ȁ̃CIÂCascading Integer 

Resolution̆Jung et al., 2000̃ץ Cohen (1996)ȁCrassidis et al. (1999)₮ ԍ ꜚ

Ȃ ԍ ꜚ ≠ ԅ ꜚ ᶫ ΌᵩḤ ̆

ᵬ ̆Ҍ ԍ ̆ Ҍ ̂Buist, 2007Ȃ̃ 

ԍ Һ ₱ ̂Ambiguity Function Method, AFM̃

̂Counselman and Gourevitch, 1981̃ ARCÊAmbiguity Resolution using Constraint 

Equation̆ Park et al., 1996Ȃ̃AFM ₱ ῏ԍ ҈ ₱ ̆

ᴨ Ȃ ңҩ ѿ̆ ̆ ̕

ԋ ̆ ҹ ₱ ṿ₱ ̆ ̆ᶏ₱ ṿ

ṿ Ҍѿ ᴨ Ȃ 

ԍ ̆ ᵀ ңҩ ̆
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LSAST̂Least-Squares Ambiguity Search TechniqueH̆atch, 1991ȁ̃

FARÂFast Ambiguity Resolution Approach̆ Frei and Beutler, 1990ȁ̃ Cholesky

№ ̂Euler, 1992ȁ̃LAMBDÂLeast-squares AMBiguity Decorrelation Adjustment̆ 

Teunissen, 1995ȁ̃ ̂Martin-Neira, 1995ȁ̃FASF̂Fast Ambiguity Search Filter̆

Chen, 1993̃ץ OMEGÂOptimal Method for Estimating GPS Ambiguities̆ Kim and 

Langley, 1999Ȃ̃LAMBDA ԍ ῏ ̆ ᵞԅ ӊ

῏ ̆⁞ ԅṜ ҩ ̆ ԅ ȂChang et al. 

(2005)LAMBDAẠԅ ̆ ₮ԅ ȁ ̆ ѿ ԅ

῏ ȂXu et al. (2012)῀ԅ sorted QRV-

BLAST ȁzigzagץ ꜚ └̆

ᴨԍLAMBDAȂ 

 1-2 GNSS꜠ ᵣҲ ⅎ  

⌡   

ԓ ẅ  

TCAR Forssell et al., 1997 

CIR Jung et al., 2000 

ԓ ꜠  Cohen, 1996; Crassidis et al., 1999 

ԓ  
AFM Counselman and Gourevitch, 1981 

ARCE Park et al., 1996 

ԓ  

LSAST Hatch, 1991 

FARA Frei and Beutler, 1990 

Choleskyⅎ  Euler, 1992 

LAMBDA Teunissen, 1995 

 Martin-Neira, 1995 

FASF Chen, 1993 

OMEGA Kim and Langley, 1999 

MLAMBDA Chang et al., 2005 

Xu ₴  Xu et al., 2012 

 

GNSS Ҭ ץ GNSSꜚ ᵝ Ȃ

̆ GNSS Ҭ Ḥ ̂ ȁ ̃ ̆ ᵥ≠

Ḥ ⱳ GNSS ȂLu 

(1995)₮≠ ̆Euler and Hill (1995)≠

ȂPark and Teunissen (2003)Ḥ ῀⌠

₱ Ҭ̆ LAMBDA ҉ ₮ԅ LAMBDA

̂Constrained LAMBDA, CLAMBDÃ̆ ⱴ῀ ̆ ҌῬΐ

̆ LAMBDA ȂTeunissen (2010)₮ ԍ ₱ ң ̆

ᾟ̂Expansioñҍ ̂Search and Shrink̃̆ ᾧԅ ₱

̆ ȂTeunissen (2007)₮ԅ LAMBDA

̂Multivariate Constrained LAMBDA, MC-LAMBDẴ ԅGNSS ṿ῏ԍ
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ҍ ѿ Ὲ ̆ Ὲ ԍ ȁ ȁ ṿ

ҍ ̆ ғ ץ ҍ Ȃᵖ ȁ

ᾢ n↓ ̂nҹ ̃̆ ѿ ̆

⌠ ῃ ̆ ғҌ ̕ ᵬҹ ᵀ ̆

ᵀ ῒ9ҩᾝ ̆ ᶏ ҈ ̆ 3ҩ ⱴ⌠4

ҩ̕ ⱴ῀ ֜ ̆ᶏ ҌῬ ̆ ⱴ

ԅ ȂEling et al. (2013)ᾢ AFM Ṝ ̆ ≠

ṿ ȁ Ḥ ̆ ᴨ ѿ

̆ Ḡ ԅ Ȃ 

̆ ≠ץ ῒ ᴰ ̂ INS̃ ᶫ Ḥ ꜛGNSS

Ȃ ꜚ Ҋ̆ⱴ ᶫḲᴀ ҍ Ḥ ̆ GNSS

∆ ̆ ≠ ⱴ ᶫ Ḳᴀ ҍ Ȃ

ᵣ ꜚ ≠̆ ת ṿ № ⌠ ╠ ̆ ֓ Ḥ

ԍ ̂Eling et al., 2013Ȃ̃Wang et al. (2004)ῒ

GPS/Gyro Ҭ̆≠ ȁ ᴨ

̆ ѿ ԅ ȂLee et al. (2004)≠ INSᶫ Ḥ

⁞ ׆̆ ԅ ȁ ȂCampo-Cossio et al. 

(2009)≠ MEMS ת ⁞̆ ԅ ׆̆ Ḡ ԅ

ᵞ GNSS/MEMS-Gyro ꜚ ᴆҊ ȂEling et al. 

(2013)≠ MEMS-INSᶫ ᵌ ᵬҹ ᴆ̆ ԅ AFM ̆

׆ ԅ ҍ ȂWang et al. (2018)₮ԅḲᴀ AFM

̆ ≠ IMU ᶫ Ḳᴀ Ḥ Ḳᴀ ҍ ̆ ԅ

AFM ץ Ȃ 

1.2.1.3 GNSS ғ  שׂ

GNSS ԍ GPS̆ ᴆ ῒ̆ ȁ

Ȃɐ GNSS ̆ ╠ ῃ ᵝ

ҩ̆№≢ GPSȁḇ GLONASSȁ GalileoҬ BeiDoŭ  

1-3 ₮ԅ Ȃ ֓GNSS ѿף ΐ ҈ҩ

ṿ̂Guo et al., 2016Ȃ̃ ԍ ȁ ᾥ ȁ

̆ ⌠ ῏ Ȃ 

GNSS ҍ ̆ל ꜛԍ GNSS Ҭ └ȁ

ҍ ̂Guo et al., 2016̃̆ ԅ ȁ ҍ Ȃ

Nadarajah et al. (2012b)₮ԅGPS/Galileo/BeiDou҈ ̆ҍ



ᵝ  

10 

̆≠ ץ ̕ Nadarajah₮

ԅ ̂Nadarajah et al., 2013; Nadarajah and Teunissen, 2013; Nadarajah 

and Teunissen, 2014; Nadarajah et al., 2014bȂ̃ ȁ GNSS ҉ ᴨל

Ӟ̆ ԅ ̆ɒ ̆ Ẓ ҍ Ẓ ̂El-

Mowafy et al., 2016̃̕ GLONASSԍ ԑҌ ̆Ӟ ⱴԅ

ᵝ ̂Leick et al., 1998Ȃ̃ 

 1-3  

 ᵲ  ⌡ Ḫ  ᵲ  

GPS 31 IIA L1, L2 1 

II-R L1, L2 11 

IIR-M L1, L2 7 

IIF L1, L2, L5 12 

BeiDou 15 GEO B1, B2, B3 6 

IGSO  6 

MEO  3 

GLONASS 23 M L1, L2 22 

K1  1 

Galileo 17 FOC E1, E5a, E5b, 

E5ab, E6 

17 

̔(1) Information and Analysis Center for Positioning, Navigation and Timing, Korolyov, 

Russia (www.glonass-iac.ru/en/index.php); (2) Constellation Information from European GNSS 

Service Centre (www.gsc-europa.eu/system-status/Constellation-Information); (3) ñ Orbit Data 

and Resources on Active GNSS Satellitesò provided by Richard Langley (gpsworld.com/the-almanac/)

̂ ⌠20188 30 ̃ 

1.2.1.4 GNSS  

ԍGNSS №ҹң ̆ Ғ Ғ ȂҒ ѿҩ

ҩ ̆ Ғ ҩ ̆ ҩ

ѿҩ Ȃ ױ ≢№ץ ҹľѿ Ŀ ľ ĿȂ 

Ғ ῍ ѿҩ ̆ ṿ

̆ ̆Ҍ Ῥ № ̆ ҹ ᶫԅ

Ȃᶏ Ғ ⌠ №̂1 № ҹ 0.017̃̂ GRAAS 

and Braasch, 1991; Cohen and Parkinson, 1992; Schade et al., 1993Ȃ̃19851 ̆

Trimble NavigationῈ ҹ ´ Ҭ └ ԍ ᵝ GPS

̆ ԍ19887 ´Yorktown ҉ ԅ ̂Kruczynski 

et al., 1988; Kruczynski et al., 1989Ȃ̃20ҕ ₃̆∆ף90 Ὲ GNSS

ԅ ҍ ̆ ₮ԅ GNSS ᴆ֟ ̆ AdroitῈ

ADSԋף ̂Jurgens and Rodgers, 1991ȁ̃ AshtechῈ 3DF

/ ̂Ashtech-Inc., 1991̃ TrimbleῈ TANS Vector/β

̂Wilson and Tonnemacher, 1992̃ Ȃ ̆ ֓Ғ ȁ

http://www.gsc-europa.eu/system-status/Constellation-Information
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̂Dong et al., 2016Ȃ̃ Ҍ ҍ ̆└ ₮ԅ

ѿ ↓ GPS OEM̂ Original equipment manufacturer̃ ̂Fenton et al., 1991̕

Cannon et al., 1993̃̆ӊ Ḃ ᶏ ҩ OEM ̂Lu et al., 1994b̃̆

₮ ԅ ԍOEM GNSS ֟ ̆ ⱴ NovAtelῈ Beelineᵝ/

̂Ford et al., 1997ȁ̃TrimbleῈ ᵝ GPS֟

MS860ȁAdroitῈ ҉ ҙ ֟ TRIADŜ  et al., 2003̃ ̆

ῖ ҙ֟  (2015)ȁDong et al. (2016)Ȃ 

Ғ ԑ ̆ῒ ԅ ԍ Ӟ ԍῒ Ȃ

Ғ Ҭ̆ ≠ № ̆

ᶏ Ғ ѿҩȂҍҒ ̆ Ғ ᵞȁᶏ ̆

ғ ⌠ҍҒ ̂Lu et al., 1994a; Cannon et al., 1994̃̆

⌠ԅ ҍ Ȃ 

1.2.2 GNSS/INS  

GNSS/INS ԅ ҍ ̆ ≠ GNSS Һ ᴺ

ᵝ ̂Standard Point Positioning, SPPȁ̃ ᵝ ̂Real-time 

Kinematic, RTK̃ ᵝ ̂Precise Point Positioning, PPPȂ̃ GNSS

ᶫ ᵝ Ḥ ̆ Kalman INS ᵀ ҍ ׆̆ └INS

̆ ᵝ ȁ Ȃ GNSS/INS ⌠

ᵝ ̆ᵖ ᵣ ⱴ ̆ ץ ̆ ԍ

ᵣ ⱴ ’ҊINS Ҍΐ ̂Yang and Farrell, 2003Ȃ̃

└̆ ∆ ‰ ꜚ ꜚ ‰ ғ̆

ᵞԍḲᴀ ҍ ̂Hirokawa and Ebinuma, 2009Ȃ̃ᶛ ̆Tomita et al. (2007)

ѿ GNSS/MEMS-INS ̆Ḳᴀ ȁ

0.07Á̆ 0.5ÁȂ ԍ GNSSӞ ץ ᶫ ̆

ץ GNSS Ḥ ҍIMU Ȃᶛ ̆Gross et al. (2012)GNSS

AVAÊAcceleration Vector Attitude Estimatioñ ҍIMU ̆ᵖ ԍAVAE

ᵞ̆ ץ Ҍ Ȃ 

ԍ GNSSҍᵞ INS ץ ᶫ ̆ ץ ₮

GNSS/INS ̂Miller et al., 1993̕Howell and Tang, 1995̕Tazartes et al., 1995̕

Buchler et al., 1996̕Yang and Farrell, 2003, Iafrancesco, 2015Ȃ̃ Ҋ̆

GNSSʟ ⱴ ԅ ̆ ԅ∆ ‰ ̆ғῒ

ҍ GNSS/INS ԅ Ȃ 

҈ҩ ҉ץ GNSS/INS Ӟ Ҍ Ạ ȂChesley and Axelrad 
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(1994)ԅ ԍ JAWSAT GNSS/Gyro ̆Gyro ṿ ԍ

EKF̂Extended Kalman filter̃ ̆ ₮GNSS ṿ ץ№ ̆

ԅᴏ ȂDever (1998)ԅ ꜚ KF ԍ

GPS/Gyro ̆ᴏ ҍᴰ KF ̆ ꜚ ץ

ȂWang et al. (2004)ԅᵞ GPS/gyro ̆

KalmanҬ ԅ ҍ ת ̆ ת ⱴ῀ ᵞԅGPS

̆ӞḠ ԅGPS Ҭ ₮ȂHwang et al. (2005)

ԅADGPS/INS ̆ ≠ ң ԅ ȂEling et 

al. (2013)₮ԅ GNSS/MEMS-INS ̆MEMSⱴ ṿ

ԍ⁞ ȁḲᴀ ̆ ת ṿ ԍ EKF ̆

GNSS ᴆ ȁ Ȃ

Campo-Cossio et al. (2009)ᵞ GNSS/Gyro ̆ ת

ṿ ᵬKF ῀̆ ץ ꜚ ᴆҊ

ȂPuri (1997)ԅ GPS/Gyro ̆

ԅ ᴏ ̆ҍ GPS ̆ └

ȁ ȂHirokawa and Ebinuma (2009) ԅ GPS/INS

̆ EKF ᶏ GPS ṿ̆ᴏ ҍ ҍᴰ

GPS/INSȁ ̆ GPS/INS

ῒ ̆ᵖ Ҍᵬҹ EKF ̆ῒ

₮ ȂKozlov et al. (2013)ԅ GNSS/Gyro

̆ᵖ ₮ ῏ Ȃ 

1.3 ғ Ὺ  

╠GNSS ҍ ̆ ₮ Ҋ ̔ ῀

GNSS ץ GNSS/INS ῏ ̆ ῏ ҍ

̆ ѿ GNSS ץ GNSS/INS

̆ ҉ ῃ̆ ᵀ ȁ GNSS ̆ GNSS/INS

ҍ№ Ȃ 

҉ץ ̆ ῤ ̔ 

1) ͂ GNSS ̆ ȁ GNSS

ᴆ̆ ᵀꜚ ’Ҋ ȁ GNSS ̕ 

2) GNSSN ᵝ ṿ ̆№ ṿ ȁԑ ῏ҍ

῏ ̆ GNSS ̆ №

̕ 
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3) ₮ GNSS/INS ̆ ̆

̆ GNSS/INS ̆ ѿ

GNSS/INS ᴆ̕ 

4) ҍ GNSS/INS ̆ Ҍ Ҋ ̆

GNSS ץ GNSS/INS ҍ№ Ȃ 

1.4  

῍ ҂ ̆ ῤ Ҋ̔ 

1 ׃ ӈ̆ GNSS ץ GNSS/INS

̆ ╠ ̆ ҉ ₮ ҍ

ῤ Ȃ 

2 ׃ GNSS ץ GNSS/INS ̆ ȁ

῏ ȁ ץ GNSS/INS ҹ̆

Ȃ 

3 ῀ GNSS ̆ GNSS ̆

GNSS ῏ ̆ ȁ

Ȃ ҉̆ ҍ ȁ ᴆȂ

GNSS ̆ ῃ̆ ᵀꜚ ᴆҊ ȁ GNSS

̆ GNSS Ҭ Ȃ 

4 ҍ№ GNSS ṿ Ȃ≠ № ᵀ №̆

GNSSN ᵝ ṿ ȁԑ ῏ҍ ῏ Ȃ ҉̆№

ⱳ Ȃ 

5 ᶏ GNSS INS ѿᴰ ₮ ̆ ₮ GNSS

ҍᵞ INS ̆ ң ᴨלԑ Ȃ GNSS/INS

Ὲ ̆ ҉ ѿ GNSS/INS

Ȃ 

6 ҍ ң Ҋ GNSS/INS ̆

GNSS/INS Ȃ№ ҍ Ҋ GNSS

Ҭ ̆ GNSS/INS ̆

№ ԍGNSS INSѿ ᴨלȂ 

7 Һ ᵬҍ ̆ ᵬ Ȃ 
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 2  GNSS/INS ғ  

̆ ץ ȂGNSS/INS ⌠ң

ᵝȁ ̆ GNSS ҍ ȂGNSS

̆ ֜ᴪ ҈ ᵝ ̆ ѿ ᵣ Ȃ

ᶭ ҍⱴת ᾝ̂Inertial Measurement Unit, 

IMŨ̆ IMU ₮ ꜚḤ ꜚḤ № ⌠ ᵣ ҈ ᵝ ȁ

Ȃ 

ᾢ׃ ̆ӊ ׃ GNSS ᵝȁ

̆ ᴺ ᵝ ȁ ṿ ҍ ץ ṿ ̆

׃ ̆ ᴰ ȁ ̆

׃ GNSS/INS ̆ ȁ ᵀ ץ

Ȃ ֓ῤ ҹ ῀ ᶫ Ȃ 

2.1  

2.1.1  

Һ ȁ ȁ ȁ

ᵣ ץ ᴰ ̆ GNSS IMU ̂Lu, 

1995; Groves, 2013Ȃ̃ 

2.1.1.1 Ѓi Є 

̂Inertial Frame, Ώҹi ̃ ԍ ̆ ѿ ԍ

ῒ № ⱴ ꜚ ̆ ᴰ ṿ ԍ

Ȃ ѿ ᵌ̆ῒ ᵝԍ ̆x ᵝԍ

ῤ № z̆ y̆ ᵝԍ ῤ ҍxȁ

z Ȃ 

2.1.1.2 Ѓe Є 

̂Earth-Centered Earth-Fixed, ECEF̃ҍ ̆ ѿ

ꜚ̆ Ώҹe Ȃ  2-1 ̆e ᵝԍ ̆z ׆

̂ ̃̆ x ҍ ̂ Greenwich̃ ֜

̆y ᵝԍ ғҍxȁz Ȃ 

2.1.1.3 Ѓn Є 

̂Local Navigation FrameӞ̃ ̂Local Level Framẽ̆
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ᵬҹ ᵣ ̆ Ώҹn Ȃ  2-1 ̆n ᵣ

x̆ y̆ қ z̆ Ҋ ҍ

xȁy ̆ ӈ ҹ -қ- ̂N-E-D̃

Ȃ ץ ῒ ̆ қ- - ȁ - -

̂Groves, 2013̃̆ ѿ -қ- ̂N-E-D̃ Ȃ 

 

 2-1 Ѓe Єғ Ѓn Є 

2.1.1.4 ᵩ Ѓb Є 

ᵣ ̂Body Framẽҍ ᵣ ̆ ᵣ ̆ Ώҹb Ȃ

b ҍ ᵣ ̆x ᵣ ╠̆y ᵣ ̆z ᵣ

Ҋ ҍ xȁy ץ̆ ӈ ҹ╠- -Ҋ

ᵣ Ȃ ᵣ ӈ Ҍ ѿ̆Ӟ ץ ӈҹ -╠-҉ ̆ x

̆y ╠ z̆ ҉Ȃ ѿ ╠- -Ҋ ̆  2-2 Ȃ

׆ ꜚ ̆b Ӟ ҹ ȁḲᴀ ̆ ╠- -Ҋ ᵣ

Ҭ̆z ҹ ̆y ҹḲᴀ ̆x ҹ ̆ -╠-҉ ᵣ Ҭ̆z ҹ

̆x ҹḲᴀ ̆y ҹ Ȃ 

 

 2-2 ᵩ Ѓ╦- -ҐЄ 
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2.1.1.5 GNSS Ѓa Є 

GNSS Ҋץ̂ a ̃ҍGNSS ῏ ȂẊ ҈ҩ ҹAnt 

1ȁAnt 2ȁAnt 3̆a Ant 1ҹץ ̆Ant 1ï2ҹx ғᵬҹ╠ ̆y ᵝԍ҈

ҩ ҍx ᶷ z̆ ҍxȁy ̆  2-3

Ȃ ⌠҈ҩ a Ҋ №≢ҹ 

1

2 12

3 13 13

(0 0 0)

( 0 0)

( cos( ) sin( ) 0)

a T

Ant

a T

Ant

a T

Ant

X

X l

X l la a

=

=

=

      (2.1) 

ῒҬ̆
12l ȁ 13l №≢ҹAnt 1ï2ȁAnt 1ï3 ̆aҹAnt 1ï2ҍAnt 1ï3ң

Ȃ Ԋᾢץ ⌠̆ Ӟ ⌠̆

a Ҋ Ԋᾢץ ̆ ֓ GNSS Ҭᴪ ⌠Ȃ 

 

 2-3 GNSS Ѓa Є 

2.1.1.6 IMU  

IMU IMU Ҭ ҍ ̆ ⱴ ҍ ת

ⱬ ̂Shin, 2006Ȃ̃ ᵝԍ IMU Ҭ ̆

ҍIMU ₮ ̆ Ȃ 

ԍᴰ ҍ ᵣ ѿ ̆ ᴰ ҍ ᵣ ̆

֓ ’Ҋ̆ ץ ᴰ ̂ GNSS ȁIMU ף̃ ᵣ

Ȃ 

2.1.2  

ѿҩ ѿҩ ̆ ҈ҩ

Ȃ ᵩ ȁ ȁ ᾝ ̆Ҋ

ῒᵬ ׃ ̆ ׃ Ὲ Groves (2013)ȁShin (2006)Ȃ 
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2.1.2.1 ᵯ  

ᵩ Ӟ ᵬ ̆ ѿҩ3¦3 ̆ Cba Ȃ

ᵩ ԅ ңҩ ӊ ̆ ᴋ ҈ v  

v C vb b a

a=          (2.2) 

ῒҬv ҉ ̆aҹ ̆bҹ Ȃ 

ᶏ ᵩ ף ̆ ץ ᵣ Ҋ bv

Ҋ rv ̆
r

bC ̆Ӟ ץ Ҋ rv

ᵣ Ҋ bv ̆
b

rC ̂Groves, 2013Ȃ̃ ⌠ =( )r b T

b rC C ̆ ң

ᴇ ̆ ѿᶏ
r

bC ף ̆ ᵣ Ҋ bv

Ҋ rv Ȃ 

2.1.2.2  

ңҩ ̆ ץ Ҍ 3 ꜚ ̆ 3ҩ ꜚ

ҹ ̂Euler̃ Ȃ҈ҩ ĺĺ ̂yaw̃ȁḲᴀ ̂pitch̃

̂roll̃ ̆ Ҍ Ҭ Ҍ Ȃ ᾣ et al. (2007)ȁGroves (2013)

ӈ z ꜚ ҹ ̆ y ꜚ ҹḲᴀ ̆ x ꜚ ҹ ̂  

2-2 ̃̕ Lu (1995)ȁWang (2003)ӈ z ꜚ ҹ ̆ x ꜚ ҹḲ

ᴀ ̆ y ꜚ ҹ Ȃ׆ ̆ ץ ꜚҹ

Ȃ 

ҹ ԍ ╠ ꜚ̆ ץ ꜚ Ҍ ̆

ӞᴪҌ Ҍ̆ ꜚ Ҍ ̆ ֓ ῏

Diebel (2006)Ȃ ᾣ et al. (2007)ȁGroves (2013)ҍ

῏ ץ ̂3-2-1̆ ᶭ ꜚ z ȁy x ̃̆

ҹ 

cp cy cr sy sr sp cy sr sy cr sp cy

C cp sy cr cy sr sp sy sr cy cr sp sy

sp sr cp cr cp

b

a

Ö - Ö + Ö Ö Ö + Ö Öè ø
é ù
= Ö Ö + Ö Ö - Ö + Ö Ö
é ù
é ù- Ö Öê ú

   (2.3) 

ῒҬ̆yȁpȁ r №≢ҹ ȁḲᴀ ̆ ( )sÖ ( )cÖ№≢ sin( )Ö cos( )Ö

Ȃ ̆҉ Ҭ ҍ b ă

⌠ ҍ ̆ Ӟױ aҊ ҹ

bҊ Ȃ 2.1.2.1̆ aפ ҹ ᵣ b̆b ҹ

r Ȃ n ᵬҹ ̆↕ ѿ ΐᵣ ҹ
n

bC Ȃ 

ҍ (2.3) ׆ ⌠ ҹ 
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atan 2( (2,1), (1,1))

asin( (3,1))

atan 2( (3,2), (3,3))

y C C

p C

r C C

b b

a a

b

a

b b

a a

=

=-

=

       (2.4) 

ῒҬ̆asin( )Öҹ ₱ ̆atan 2( )Öҹ ℗₱ Ȃ 

2.1.2.3 ᾣ  

ᾝ ԍ ѿ̔ҩ ⌠ ѿҩ ץ ѿ

ҩ ӈ Ҭ m ꜚ ̂ ᾣ et al., 2007Ȃ̃ ᾝ

q ̆ ΐ 4ҩᾝ ̆ ֓ᾝ ꜚ ₱ ̆

ҹ 

1

2

3

4

cos( / 2)

( / )sin( / 2)

( / )sin( / 2)

( / )sin( / 2)

x

y

z

q

q

q

q

m

m m m

m m m

m m m

è øè ø
é ùé ù
é ùé ù= =
é ùé ù
é ùé ù
é ùê úê ú

q , =

x

y

z

m

m

m

è ø
é ù
é ù
é ù
ê ú

m , =m m     (2.5) 

ӈm ᶏ m ꜚѿҩ m̆ ҍ ᵣ Ȃ

ᾝ q Ҋ ᴆ̔ 

2 2 2 2

1 2 3 4=q +q +q +q =1q         (2.6) 

̆ ᾝ 3ҩ Ȃ 

2.1.2.4  

ҍ ᾝ ᵌ ѿ̆ҩ ⌠ ѿҩ ץ ѿҩ ӈ

Ҭ ꜚ Ȃ ̂rotation vector̃ ѿҩ҈ᾝ

̆ ҹ ꜚ ꜚ ̆ ҹ ꜚ Ȃ f

Ȃ 

ԅ҉ ̆ ῒ ̆ Gibbs/Rodrigues

ȁ Rodrigues̆ ῤ Shuster (1993)ȁMarkley (2003)Ȃ 

2.2 GNSS  

2.2.1 GNSS ẅ  

2.2.1.1 ẅ 

GNSS ̆ ᴺ ṿҍ ᵝ ṿ̆ῒ

ҹ 

, ,

, ,

( )

( )

f r s P f P f

f f f r s L f f f L f

P c dt dt T I M

L c dt dt T I M N

r e

l f r l e

= + - + + + +

= = + - + - + + +
   (2.7) 
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ῒҬ̆ fP ff№≢ ᴺ ᵝ ṿ̆ ffץ ҹ ᵝ̆ fL ᵝ

ṿ̆Ҋ f ҹ ̆rҹ ₃ᵥ ̆ rdt sdt №≢ҹ

̆ cҹ Ҭ ᾣ ̆Tҹ ̆ I ҹ ̆

,P fM ,L fM №≢ҹᴺ ᵝ ṿ ̆ fN ҹ ᵝ ṿ

̆ flҹῒ ̆ ,P fe ,L fe №≢ҹᴺ ᵝ ṿ ȂN ҍ ᵝ

ṿҬ ᵝҬ Ẓ ȁ ᵝ ȁ ȁ∆ ᵝẒ

ץ ᴆ ̆῏ԍ ֓ Kouba and H®roux (2001)̆Kouba 

(2009)Geng (2011)Ȃ 

(2.7) ₮ ᴺ ҍ ᵝ ṿ ԅ Ḥ ̆p Ӟ ԅ

ץ ̆ ץ ≠ Ȃ GNSS ᵝȁ Ҭ̆

ᴪ ᴺ ҍ ᵝ ṿ ץ̆ ╝ ֓ ץ

ץ ̆ ⌠ ȁᴨ └ȁ ᵝ

̂ ҕ , 2002Ȃ̃ ṿ №ҹң ̆ѿ Ҍ Ҍ ṿ

̆ѿ Ҍ ȁҌ ╠ ᾝ ᵬ № ṿȂҊ ׃

֓ ṿȂ 

2.2.1.2 Ғ ẅ  

Ҍ ṿ ҉ ץ ̆ ױ ῏ ֓

ӈҍ ̆ ȁ₃ᵥ ῏ ץ MW Ȃ 

1)  

̂Ionosphere-Free, IF̃ ץ ѿ ̆ῒ ҹ 
2 2

1 2

1 22 2 2 2

1 2 1 2

2 2

1 2

1 22 2 2 2

1 2 1 2

IF

IF

f f
P P P

f f f f

f f
L L L

f f f f

= -
- -

= -
- -

       (2.8) 

ᵝ Ȃ ᴰ ̆

ԍ ṿ ԅ 3ṐȂ Ҭ̆ ҍ ᴆ ҍ

ѿ ̆ Ҍΐ Ȃ ̂ ԍGPS

̆ ҹ 6 mm̆̃ Ḃ ῒ Ⱳ ԅῒ Ӟ ץ Ȃ ̆

Ҍ ̆ ῏ ῀ Ȃ 

2) ₃ᵥ ῏  

₃ᵥ ῏̂Geometry-Free, GF̃ ҹ 

1 1 2 2GFL lf lf= -         (2.9) 

ԅ ₃ᵥ ȁ ȁ
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Һ̆ ȁ Ȃ ԍ ѿ ’Ҋ ̆

ᾝ № ԍ ץ № Ȃ 

3) MW  

Melbourne-W³bbenâMW̃ ̂Melbourne, 1985; Wubbena, 1985̃ ᴺ

ᵝ ṿ̆  Ώᵬץ

1 2 1 1 2 2

1 2 1 2

( )
MW

c f P f P
L

f f f f

f f- +
= -

- +
       (2.10) 

MW ԅ ȁ ȁ ₃ᵥ ̆ ѿ

ҬҌ ↕̆ MWL ѿҩ ̆ ԍ

Ȃ ̆MW ΐ GPSץ̂ ҹᶛ̆ ҹ86 cm̃̆

ԍ∆ Ȃ 

ԅ҉ ₃ Ҍ ṿ ̆ ȁ

Ȃ GNSS ̆₮ ԅ ̆ Ҭ ȁ

̆ΐᵣῤ Teunissen and Montenbruck (2017)Ȃ 

2.2.1.3 ⅎ ẅ 

1)  

ѿ ȁңҩҌ ṿӊ ṿȂ (2.7)̆ ң

ҩ kȁ l ⌠ ѿ i ̆ ңҩ №≢Ώҹ 

, ,

, ,

( )

( )

i i i i i i i i

k k k k k k L k k L

i i i i i i i i

l l l l l l L l l L

L c dt dt T I M N

L c dt dt T I M N

r l e

r l e

= + - + - + + +

= + - + - + + +
   (2.11) 

ԍᴺ ҍ ᵝ ᵌ̆ ֽ ₮ ᵝ Ȃ҉

ҩ ѿ ѿ Ҍ ҹ̆ԅ Ὲ ̆ ԅҊ f Ȃ (2.11)

҉Ҋң ̆  

, ,

i i i i i i i

kl kl kl kl kl kl L kl kl LL cdt T I M Nr l e= + + - + + +    (2.12) 

ῒҬ̆( ) ( ) ( )i i i

kl l kÖ = Ö - ÖȂ ץ ҍ ῏ ̆ ȁ

̆Ӟ ץ ╝ Ȃҍ ῏ ̆ ∆ ᵝẒ ȁ ᴆ

̆ ֓ ҍ ̆ ₮

Ҍΐ Ȃ 

2)  

ѿҩ ȁҌ ṿ ṿȂ k i ȁ j

ҹ 

, ,

, ,

( )

( )

i i i i i i i i

k k k k k k L k k L

j j j j j j j j

k k k k k k L k k L

L c dt dt T I M N

L c dt dt T I M N

r l e

r l e

= + - + - + + +

= + - + - + + +
    (2.13) 
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(2.13)҉Ҋң ᵬ  

, ,

ij ij ij ij ij ij ij ij

k k k k k L k k LL cdt T I M Nr l e= - + - + + +    (2.14) 

ῒҬ̆( ) ( ) ( )ij j iÖ = Ö - ÖȂ ԅҍ ῏ ̆ ȁ

∆ ᵝҍ ᴆ Ẓ Ȃ ԍ ̆ ӞҌΐ

Ȃ 

3) ҍ  

ҍ ңҩ ȁң ṿ №ҍ № ⌠ ҍ̆

(2.12) ᵌ̆ңҩ kȁ l ҍ j ҹ 

, ,

j j j j j j j

kl kl kl kl kl kl L kl kl LL cdt T I M Nr l e= + + - + + +    (2.15) 

҉ῬẠѿ №̆ (2.12)ҍ(2.15)ᵬ ̆ ⌠

Ҋ 

, ,

ij ij ij ij ij ij ij

kl kl kl kl kl L kl kl LL T I M Nr l e= + - + + +      (2.16) 

ṿ ҍ ̆ ҍ ȁ

ȁ ҍ ∆ ᵝẒ ᴆ ̆ ΐ

̆ Ȃ ̆ ṿ ѿ ╝ ԅ Ȃ

ף GNSS ֽ̆≠ ꜚҬ

̂Teunissen and Montenbruck, 2017Ȃ̃ ԍ ᵝ ṿ ꜚ

̂Real-Time Kinematic, RTK̃ ᵝ ᶫ ȁ ҈ ̆

҉ ԅ Ȃ 

(4) ᾝ № 

ᾝ № ┴ ṿ №̆ kt ȁ 1kt + ┴ Ώҹ 

, , , ,

1 1 , 1 , 1 1 1 , 1 , 1

( )

( )

k k r k s k k k L k L k

k k r k s k k k L k L k

L c dt dt T I M N

L c dt dt T I M N

r l e

r l e+ + + + + + + +

= + - + - + + +

= + - + - + + +
  (2.17) 

(2.17)Ҭ҉Ҋң ᵬ ̆↕ ⌠ ᾝ №  

, 1 , 1 , , 1 , , 1 , 1 , 1 , , 1 , , 1( )k k k k r k k s k k k k k k L k k L k kL c dt dt T I Mr e+ + + + + + + += + - + - + + (2.18) 

ῒҬ̆ , 1 1( ) ( ) ( )k k k k+ +Ö = Ö - ÖȂ ᾝ № ԅ ̆ kt ȁ 1kt + ̂

1 sץῤ̃̆ ғ ’Ҋ̆↕ , 1 0k kT +º ̆ , 1 0k kI +º Ȃ ᾝ №

ᵝ ṿ ԍ ̂ Colosimo et al., 2011 VADASE ̃̆ 2ï

5 mm/ŝGeng et al., 2016Ȃ̃ 

2.2.2 GNSS ғ  

GNSS ṿҬ №ҹ҈ Ȃ ѿ ҍ ῏ ̆Һ

ȁ ȁ ȁ ᵝẒ ᵝ Ȃ ԋ ҍ

Ḥ ᴰ ῏ ̆Һ ȁ ץ Ȃ ҈



ᵝ  

22 

ҍ ῏ ̆Һ ȁ ȁ ᵝҬ Ẓ ȁ

ץ Ȃ 

GNSS ᵝȁ Ҭ̆ ҉ ̆ Ҍ ╝

֓ Ȃ ҹ҈№ץ ̔≠ ȁ ṿ

ץ ᵬҹ ᵀ Ȃ 

1)  

ԍ ץ ̆ Ὲ Ȃ

Saastamoinen̂Saastamoinen, 1972ȁ̃Hopfield̂Goad and 

Goodman, 1974̃ ̆ Klobuchar̂Klobuchar, 1996̃ ̆ ᵝҬ

Ẓ ῒ ᶏץ IGŜInternational GNSS Servicĕ GNSSⱵ ̃֟

̆ ȁ ᵝ ץ ץ Ὲ Ȃ 

2) ṿ  

2.2.1̆ ṿ ץ ֓ Ȃᶛ ̆ ץ

ѿ ̆ ץ ̆ ץ

Ȃ ץ ҍ ̆ ╝ Ȃ 

3) T  

№ ץ ̆ ȁ № Ȃҹԅ

֓ ̆ ץ ҍױ ȁ ѿ ᵬҹ ᵀ Ȃ ԍ

̆ ̆ ᵀ ҹ Ȃ ≠ ̆

№ № ץ ⌠ ̆ № ᵩ ׅ Ȃ ᵀ ̆

№ ҹ№ ȁ№ ̂Dach et al., 2007, Ge and 

Liu, 1996Ȃ̃ 

2.2.3 GNSS  

GNSS ҍ GNSSᵝ Ҍ №Ȃ GNSS Ҭ̆

₮ ҍ ᵝ ῏ ̆ ңҩ Ȃ ᵝ

ң ҉ץ ѿ ץ̆ ԑᵝ ῏ ᵝ ᶏ̆

ᵝ ץ Ȃ ᵝ̂Precise Point Positioning, PPP̃

ԍ ҩ ᵝ ̆ᵖ≠ PPP №≢ ₮Ҍ ᵝ

̆Ӟ ץ ⌠ ȂҊ ᶭ ׃ ᵝȁ ᵝץ

GNSS Ȃ 

2.2.3.1 ᵣ 

ᵝᶏ ṿ̆ (2.16)̆ № ңҩ №≢ ҹ

‰ ꜚ ̆ ‰ ᵝ ᵝ Ҋ Ȃ (2.16)Ҭ̆ kҹ ‰ ȁ
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l ҹ ꜚ ̆ ғ ⌠ 

2 2 2( ) ( ) ( )i i i i

k k k kX X Y Y Z Zr= - + - + -     (2.19) 

ץ ⌠ 

, ,

ij ij ij ij ij ij ij ij

kl l k kl kl kl kl L kl LL T I N Mr r l e= - + - + + +    (2.20) 

ῒҬ̆ 

2 2 2 2 2 2

2 2 2 2 2 2

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

ij j j j i i i

l l l l l l l

ij j j j i i i

k k k k k k k

X X Y Y Z Z X X Y Y Z Z

X X Y Y Z Z X X Y Y Z Z

r

r

= - + - + - - - + - + -

= - + - + - - - + - + -
 (2.21) 

( )j j j TX Y Z ȁ( )i i i TX Y Z ̆ ҹ ̆ ץ
ij

kr

ץ ⌠Ȃ ̆ ≠ Ȃ (2.20)Ҭ

ֽҹ ꜚ ( )T

l l lX Y Z ij

klN Ȃ 

(2.20) ῏ԍ ꜚ ₱ Ȃҹԅ ԋӗ

ᵀ ꜚ ̆ ῒẠ Ȃ (2.20) ꜚ ᵌ 0( )T

l l lX Y Z

̆ ⌠ ̆ ץ ⌠ ᵝ  

,0 , ,

ij ij ij ij ij ij ij

kl l l l l l l kl kl L kl LL l X m Y n Z N Ml e= D + D + D + + +     (2.22) 

ῒҬ
,0

ij

klL ҹ ̆ ғ 

* * *

,0 ,0

* * *

,0 ,0

* * *

,0 ,0

(*) (*) (*) (* , , )

( ) / (* , )

( ) / (* , )

( ) / , (* , )

ij j i

l l l

l l l

l l l

l l l

l m n

l X X i j

m Y Y i j

n Z Z i j

r

r

r

= - =

= - =

= - =

= - =

      (2.23) 

*

,0lr ≠ ꜚ ᵌ ҍ ₃ᵥ Ȃ 

ңҩ ⌠n ↕̆ 1n-ҩ ̂ ᵝ

ṿ ̃̆ ׆ Ȃӊ Ḃ ≠ ԋӗ ᵀ

Ȃ ’Ҋ̆ ᵝ ץ ⌠ Ȃ 

2.2.3.2 ᵣ 

ᵝ ≠ ᵝ Ȃ ҹҌ Ἕ ᵝ

̆ ᵝᶏ ⱴ ḂȂ ᵝᶏ

ṿ̆ ̆ Ҋ 

,( )IF r s IF IF IF L IFL c dt dt T N Mr l e= + - + + + +    (2.24) 

ԍ ṿҬ ̆ ֓ ≠ ᵀ ֓ ̆

ҍ ⌠ IGS ᶫ ҍ ֟ Ȃ (2.25) ᵌ

ᵝ ̆ ⌠ ̆ ץ ⌠ 

,0 ,IF r IF IF IF L IFL l X m Y n Z cdt dT N Ml e= D + D + D + + + + +   (2.26) 
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ῒҬ̆ ,0IFL ҹ ̆ 0( ) /sl X X r= - ̆ 0( ) /sm Y Y r= - ̆ 0( ) /sn Z Z r= - ̆ 0r

ҹ≠ ᵌᵝ ҍ ᵝ ₃ᵥ ̆dTҹ≠

ᵩ №Ȃ҉ Ҭ ᵀ ȁ ȁ ᵩ

ץ Ȃҍ ᵝ ̆ ᵝ ᵀ ̆ѿ

̂30№ ̃ ᵝ ̂Kouba and 

H®roux, 2001Ȃ̃ ̆ ԅ ᴆ №̆ Ҍΐ

̆ ⌠ Ȃ ⌠ ᵝ ̆ Ҭ

№№ ₮ ̆ ԍ Ẓ ̂Fractional-Cycle Bias, FCB̃ ̂Ge et 

al., 2008̃ ԍ ̂Integer-Recovery Clock, IRC̃ ̂Collins, 2008Ȃ̃ ̆

ԍ ҹ̆ԅḂԍ ̆ №

ҹ ҍ ң №̆ №≢ Ȃ 

2.2.3.3  

GNSS  2-4 ̆ ԍ ᵣ ҩ ѿ

̆ № Ҋ ̆ Ҋ ȁ ᵣ Ҋ

҈ ῏ Ҋ  

( ) ( ) ( 1, 2, 3 )r r r T r b b r T

k k k b k k kx y z C x y z k= =      (2.27) 

ᵀ ⌠ Ȃ҉ Ҭ (̆ )r r r T

k k kx y z ҹ Ҋ (̆ )b b r T

k k kx y z

ҹ ᵣ Ҋ ̆ k Ȃ 

ץ ԋ ̆ Ḳᴀ ̆Ḛ ľ ĿȂ GNSS

ᵬҹ ᵣ ̆↕ ᵣ Ҋ ҹ ( 0 0)Tl ̆ (2.1)̆ l ҹ

Ȃ (2.3)ȁ(2.27) Ὲ Ҋ̔ 

2 2

atan 2( , )

atan( / ( ) ( ) )

r r

r r r

y y x

p z x y

=

=- +
      (2.28) 

ῒҬ̆atan( )Öҹԋ ℗₱ Ȃ҈ҩ ῍Ҍ҉ץ ץ ҈ ̆ҍ

̆ ԍΌᵩ ṿ ̆ ᵀ ҍ ᴪ Ȃ 

ԍ ᵣ Ҋ Ԋᾢץ ̆ GNSS ῏

Ҋ Ȃ ҍ ᵝ ᵌ Ҍ̆

Ҭ ̂₃ ῤ̃ץ ғ ᵝ Ȃ ̆ Ҭ ҩ

ꜚ̆ ᵝҬ Ҍꜚ Ȃ ֓Ҍ GNSS

Ҭ Ȃ ԅ ᵝ ̆ ≠ץ ᵝ ҩ

ᵝ ӊ̆ ᵝ ᵬ ⌠ Ȃ ԍ ᵝ

ғ̆ ᶏ IGS ҍ ֟ ̆ ᶏ ᵝ

ᶏ ᵝ ⱴ Ȃ GNSS Ҭ̆ ԅᾢ
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Ῥ Ӟ̆ ץ GNSS ṿ ᵀ ̆╠ ҹ ̆

ҹ Ȃ ҍ ҈ ῤ Ȃ 

 

 2-4 GNSS  

2.3  

̂Inertial Navigation System, INS̃ץ ⱬ ҹ ̆≠

ᴰ ̂ ת ⱴ ̃ ᵣ ԍ ⱬ ̆

ṿ № ⌠ ᵣ ᵝ ȁ Ȃ ľ ⱬĿ ӈҹ ᵣ ԍ

ⱴ ⱬⱴ Ȃ Ҍ ᶫḤ Ӟ̆Ҍ

̆ ѿ Ҍ Һ Ȃ 

ᴰ ᵣ҉ Ҍ ̆ №ҹ ң

Ȃ ᴰ ҉̆ ᴰ

ᵣ҉Ȃ ᴆȁ ┴̆ᵖ ԍ

ԅ ̆ ΐ ȁᵣ ȁ ȁ ᵞȁ ȁ

ᴨ Ȃ ᴆ ̆

ף ̂ ᾝ, 2006Ȃ̃ 

2.3.1 ᴶ  

ᶏ ᴰ Һ ҈ ת ҈ ⱴ ̆ ҹ

ᾝ̂Inertial Measurement Unit, IMUȂ̃ ת ᵣ ꜚ̆ ₮

Ḥ ̆ⱴ ᵣ ꜚ̆ ₮ ⱬⱴ ̆ ױ

ԍ Ȃ ת ⱴ ᴆ̆ ױ

⌠ ᵬ ̂ — and , 2007Ȃ̃ 

ᴰ ԅ҈ҩ ̔ ᴰ ȁᾣ ᴰ
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ץ MEMS ᴰ Ȃ ≠ת ԅ ֟ ꜚ ̆ ԍ

ⱬ ̆ᾣ ת ԍ ᾣ ץ ⱬ ̆ MEMS ᴆ↕ ԍ

ȂMEMS ᴰ ԍMEMS └ ת ⱴ ̆ҍᴰ

ᴰ ΐ ᵣ ȁ ȁⱳ ᵞȁ ᴨ Ȃ ╠̆MEMS ᴰ

⌠Ҭ ̆ ᶏ ̆ ԍ

ץ ᵞ GNSS/INS ̂  2006Ȃ̃ ,י

ᴰ ᵞ №ҹԓҩ ׆̆ ⌠ᵞᶭ ҹ ȁ ̂

ȁ̃Ҭ ȁ ̂ Ȃ̃ ᵞ ᴰ

ԅ ֟ ȂҌ ᴰ ᴇ ҍῖ  2-1̂ Groves, 

2013Ȃ̃ 

 2-1 Ғ ɻ ẘ ῝  

IMU  ᴍ Ѓ ᾣЄ 
ꜘ ẘ

ЃmgЄ 

ẘ

ЃÁ/hЄ 
῝  

 >100Ҍ 0.01 0.001 
  ɻ ɻ

ɻ  

/  ~10Ҍ 0.03ï0.1 0.01 ɻ   

Ҳ  2ï5Ҍ 0.1ï1 0.1 ɻ  

 2 ï3Ҍ 1ï10 1ï100 ┼ ɻ ָ  

/  
~1Ѓꜘ Є 

>10Ѓ ᴀЄ 
>3 >100 

ɻ

╒ ЃABSЄɻ

Ӏ꜠ ɻ Ὴ  

 

ᴰ ₮Ҍ ᾧ ̆ ‗ ԅ ⌠

Ȃ ᴰ Һ Ẓ ȁ ᶛ ȁ֜

Ȃ 

1) Ẓ  

Ẓ ⱴ ῀ ’Ҋᴰ ₮ ̆ ҍᴰ

ⱴ ҍ ῏ ṿẒ Ȃ Ẓ №ҹ ṿ Ẓ Ẓ ң №̆

ṿ Ẓ ꜚ Ḡ Ҍ ̆ Ẓ № ᵬ Ҭᴪ Ȃ

Ẓ ᴰ Һ ̆Ҍ Ẓ  2-1Ȃⱴ ҍ Ẓ

№≢ ҹ , , ,( )a a x a y a zb b b=b , , ,( )g g x g y g zb b b=b Ȃ 

2) ɒ  

ᶛ ᴰ ₮ҍ ῀ ṿȂ ᶛ ҍ ᵣ

ꜚ ῏̆ ҍ ῀ ̂ⱴ ̃ Ȃⱴ ҍ

ᶛ №≢ ҹ , , ,( )a a x a y a zs s s=s , , ,( )b b x b y b zs s s=s Ȃ 

3) ֜  

ⱴ ̆ ᴰ ҍIMU ֜ ῃ ‰̆
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ҹ֜ Ȃⱴ ҍ ֜ №≢ ҹ ,a ijm

,g ijm ,̆ , , ( )i j x y z i j= ¸ Ȃ ᶛ ֜ ᵝѿ ҆№ӊѿ̂ ppm̃

Ȃ 

4)  

ץ ⱴ ̆ ȁ Ҍ

Ȃ ᴰ № ̂1 Hz̃҉ץ ᵌ ҹ

Ȃ ⱴ ת №̆ №≢ ⌠ ̂Velocity Random 

Walk, VRW̃ ̂Angular Random Walk, ARW̃ ̂Groves, 2013Ȃ̃

ⱴ №≢ ҹ , , ,( )a a x a y a zw w w=w , , ,( )g g x g y g zw w w=w Ȃ 

ᴰ ҉ ̆ ⱬ b

ibdf ҍ
b

ibdw ҹ 

b b

ib a a ib a

b b

ib g g ib g

M

M

d

d

= +

= +

f b f + w

b + ww w
       (2.29) 

ῒҬ̆
b

ibf ȁ
b

ibw ҹ ⱬ ṿ̆ aM ȁ gM ҹ ᶛ ҍ֜ ̆

ҹ 

, , , , , ,

, , , , , ,

, , , , , ,

,

a x a xy a xz g x g xy g xz

a a yx a y a yz g g yx g y g yz

a zx a zy a z g zx g zy g z

s m m s m m

M m s m M m s m

m m s m m s

è ø è ø
é ù é ù
= =é ù é ù
é ù é ù
ê ú ê ú

  (2.30) 

ᴰ ҍῒ ᴰ ̂ GNSS̃ Ҭ̆ ᴰ

ᵀ ̆ ҹԅ └ ̆ ễȂ Ҍ

̆ ᵀ ץ ҹҌ ̆ ȁ ȁ

ѿ - Ȃ 

2.3.2  

ᴰ ṿ῏ԍ №̆ ̂ᵝ ȁ

ҍ ̃ ̆ ҹ Ȃ ҩ

ᾝ ̆ ╠ ┴ ⌠╠ѿ ┴ Ȃҹԅ ┴ ̆

INS ∆ ∆̆ ‰ȁ ‰ ̂Titterton et al., 2004Ȃ̃

∆ ̆ ץ Ҍ ᵝ ȁ ҍ Ȃ 

׆ № ₮ ̆ ץ ⌠ Ȃ Ҍ

̆↕ᴪ ⌠Ҍ Ὲ ̂Groves, 2013Ȃ̃ Ҋ

№ ҹ 

1n nD-=r v          (2.31) 

(2 )n n b n n n n

b ib ie enC g= - + ³ +v f vw w     (2.32) 

( ) ( )n n b n n

b b ib in bC C C= ³ - ³w w       (2.33) 
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ῒҬ̆ ( )n TL hl=r ᵝ ̆ L ȁl h№≢ ȁ ̆

( )n T

N E Dv v v=v ̆ Nv ȁ Ev Dv №≢ ȁқ ̆

([ ( )cos 1])N ED diag R h R h L= + + -̆ NR ER №≢ҹ ̆
n

bC ҹ ̆
b

ibf
b

ibw№≢ҹ ⱬ ̆
n

iewҹ nҊ ̆
n

enw ҹn e n Ҋ ̆
n

inwҹn ԍ i ꜚ

n Ҋ ̆ ng ҹ ⱬⱴ n Ҋ ̆ ľ³Ŀ ңҩ ӗ

̆ ľ ( )³V Ŀ V Ȃ 

Ҋ ₮ Ҋ ѿ ΐ̆ᵣ

Savage (2000)ȁShin (2006)ȁ  (2013)  (2016)Ȃ 

1)  

ᾢ ̆ ҹ 

1 , / ,

n n n n

k k f k g cor k-= +D +Dv v v v        (2.34) 

ῒҬ̆
n

kv ȁ 1

n

kv -№≢ҹ ╠ ┴ kt ҍ╠ѿ ┴ 1kt - ̆ ,

n

f kDv ҹ ⱬ № ̆ / ,

n

g cor kDv

ҹ ⱬ/ № Ȃ ⱬ № ,

n

f kDv Ὲ ҹ 

( 1) ( 1)

, ( 1) ,[ (0.5 )]n n k b k

f k k b k f kI C - -

-D = - ³ Dv vz       (2.35) 

ῒҬ Ĭ ҹ ᵝ ̆ kzҹ 1kt - ┴ n kt ┴ n ̆
( 1)

( 1)

n k

b kC -

-

ҹ 1kt - ┴ ҉̆Ҋ ( 1)b k- ( 1)n k- №≢ 1kt - ┴ b n ̆
( 1)

,

b k

f k

-Dv

ҹb Ҋ 1kt - ┴ ⱬ֟ Ȃ kz ҹ 

1/2[ ]n n

k ie en k ktz -= + Dw w        (2.36) 

ῒҬ̆Ҋ 1/ 2k- kȁ 1k- ┴ Ҭ ┴̆ 1k k kt t t -D = -Ȃ 

( 1)

,

b k

f k

-Dv ҹ 

( 1)

, 1 1(1/ 2) (1/12)( )b k

f k k k k k k k kv v v vq q q-

- -D =D + D ³D + D ³D +D ³Dv   (2.37) 

kqD ȁ kvD №≢ҹb Ҋ ҍ ̆ ԋȁ҈ №Ҍ ֜

ễ̆ῒҬ ԋ ҹ ễ̆ ҈ ҹ ⅞ ễȂ 

ⱬ/ № / ,

n

g cor kDv Ὲ ҹ 

/ , 1/2[ (2 ) ]n n n n n

g cor k ie en k kg v tw w -D = - + ³ Dv     (2.38) 

(2.36) (2.38) ̆ ⌠ 1/2kt - ┴ ᵝ ̆ ױ 1kt - ┴ ᵝ

⌠Ȃ 

2) β  

n ԍe
e

nC ԅ lҍ LḤ ̆  

sin cos sin cos cos

sin sin cos cos sin

cos 0 sin

e

n

L L

C L L

L

l l l

l l l

l

- - -è ø
é ù
= - -
é ù
é ù-ê ú

    (2.39) 
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e

nC ῒ ᾝ
e

nq ̆
e

nq

ҹᵝ ᾝ Ȃ
e

nq ҹ 

( ) ( ) ( 1) ( 1)

( ) ( 1) ( 1) ( )

e k e k e k n k

n k e k n k n kq q q q- -

- -=        (2.40) 

( )

( 1)

e k

e kq -ҍ
( 1)

( )

n k

n kq -
Ὲ ҹ 

( )

( 1)

cos 0.5

sin 0.5
0.5

0.5

k

e k

e k k

k

k

q -

è ø
é ù
=é ù
-
é ù
ê ú

x

x
x

x

̆
( 1)

( )

cos 0.5

sin 0.5
0.5

0.5

k

n k

n k k

k

k

q -

è ø
é ù
=é ù
é ù
ê ú

z

z
z

z

    (2.41) 

ῒҬ̆ = e

k ie ktDx w ҹ 1kt -⌠ kt ┴ e ̆ kzҹ 1kt -⌠ kt ┴ n ̆

(2.36)Ȃ 

⌠ ᵝ ᾝ
e

nq ̆Ḃ
e

nq ҍᵝ ῏ ⌠ Ḥ Ȃ

↕ № ̔ 

1 , 1/2k k D k kh h v t- -= - D       (2.42) 

ῒҬ , 1/2 1( ) / 2n n

D k k kv v v- -= + Ȃ 

3)  

ԍ ᾝ ҹ 
( ) ( ) ( 1) ( 1)

( ) ( 1) ( 1) ( )

n k n k n k b k

b k n k b k b kq q q q- -

- -=       (2.43) 

ῒҬ̆
( )

( )

n k

b kq ( 1)

( 1)

n k

b kq -

- №≢ҹ ╠ ╠ѿ ┴ ᾝ ̆
( )

( 1)

n k

n kq -

( 1)

( )

b k

b kq -
№≢ n

b Ȃ
( )

( 1)

n k

n kq - Ὲ ҹ 

( )

( 1)

cos 0.5

sin 0.5
0.5

0.5

k

n k

n k k

k

k

q -

è ø
é ù
=é ù
-
é ù
ê ú

z

z
z

z

       (2.44) 

ῒҬ̆ kz ӈ (2.36)Ȃ
( 1)

( )

b k

b kq -
Ὲ ҹ 

( 1)

( )

cos 0.5

sin 0.5
0.5

0.5

k

b k

b k k

k

k

q -

è ø
é ù
=é ù
é ù
ê ú

f

f
f

f

       (2.45) 

ῒҬ̆ kf 1kt -⌠ kt ┴b ̆ ԍ (2.45) ҹ

̆ ễҌ ֜ ȂẊ

┴ῤ ̂ Ẋ ̃̆ ↕ kf ҹ 

1(1/12)k k k k-=D + D ³Df q q q       (2.46) 

Ҭ̆ kDq 1k-Dq №≢ҹ ╠ ╠ѿ ┴ ₮ ̆ ԋ ԋ

ễȂ 

Ҭ̆ ⌠n ̆n ץ ᵞ ̆ b

Ȃ Ҭ̆ Ҍ ᴪ ᾝ
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ѿ ̆ ᾝ ѿ Ȃ 

2.4 GNSS/INS  

2.4.1  

GNSS/INS ᵣ ҹ№ץ ̂LC, Loosely Coupledȁ̃ ̂TC, 

Tightly Coupled̃ץ ̂DC, Deeply CoupledȂ̃ ᶏ GNSSβ ̂

ȁ ̃ᵬҹ ῀̆GNSSβ ̂ ȁ ̃ ѿҩ

ԋӗ ⌠̆ ѿҩ Ȃ ᶏ GNSS

ᴺ ̂ ᵝȁ ̃יּ ṿᵬҹ ῀̆ ԅ ̆ҍ

ΐ ẫ Ȃ GNSS/INSGNSSḤ

ҹ ҩ ̆ ԍ ԅ ̆ ѿҩ ᴨ

̂Groves, 2013Ȃ̃ 

2.4.2 ᵆ  

GNSSᵝȁ GNSS/INS Ҭ̆ ѿ

ᵀ GNSS IMU ṿ ץ̆ ⌠ ᴨ ᵝ ȁ

Ȃ ᵀ ԋӗ Kalman ̆Ҋ ׃≢№

ң Ȃ 

2.4.2.1 ԑӝ 

ԋӗ ΐ̆ GNSS Ȃ

ԋӗ №ҹ ᾝ ԋӗ ԋӗ̆ ᾝ ԋӗֽ≠ ╠ ᾝ

Ḥ ̆ ᾝῤ ̆ ԋӗ≠ ԅ ╠ ӊ╠

ᾝ Ḥ ̆ ѿ Ȃ 

kt ┴ ⌠ GNSS ̆ῒ ҹ 

k k k kA= -v x l         (2.47) 

ῒҬ̆ kl ҹ ̆ kx ҹ ̆ kA ҹ ҍ ῏

̆ kv ҹ Ȃ 

ԋӗ‰↕ҹ 

minT

k k kP =v v         (2.48) 

ῒҬ
kPҹ ᾢ Ȃ ῀ף(2.47) (2.48)̆ ⌠Ҋ  

( )T T

k k k k k k kA P A A P=x l         (2.49) 

҉ ҹ ̆
T

k k kA P Aҹ Ȃ (2.49) ᾝ

ԋӗᵀ ҹ 
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1( )T T

k k k k k k kA P A A P-=x l        (2.50) 

Ҍ ԍ ᾝ ԋӗ̆ ԋӗ ⌠ԅ ╠ ᾝץ ӊ╠ ᾝ Ḥ ̆

ῒ Ὲ ҹ 

Ĕ
k k kN =x w          (2.51) 

ῒҬ̆ kN kw ╠ ӊ╠ ᾝ Ḥ ⱴ ⌠̆ῒ ҹ 

1

T

k k k k kN N A P A-= +         (2.52) 

1

T

k k k k kA P-= +w w l         (2.53) 

╠ ԋӗᵀ ṿҹ 
1Ĕ

k k kN-=x w          (2.54) 

ץ ⌠̆ ԋӗ Ḥ Ữ̆ ╠ ᾝ

ṿ ҉ѿҩ ᾝ ⱴ̆ ⌠ ╠ ӊ╠ Ḥ

ᵀ Ȃ 

҉ ԋӗ Ὲ ֽ ԍ ̆ ’Ҋ ᵬҹ

ᵀ ғ Ҍ Ȃ ꜚ Ҭ↕ ѿ֓ ’̆

ΐ ᾢ Ḥ ̂ ᾢ ̃̆ ⁞̂ GNSS ⱴҍ

̃̆ ץ ᵀ ΐ ꜚ ̂ ȁGNSS ̃ ̆

֓ ’ ⌠ ԋӗ Ὲ  (1995)ȁ ӏ (2004)ȁGe 

et al. (2006)ᾝ  (2006)Ȃ 

2.4.2.2 Kalman 

Kalman Kalman (1960)₮̆ ≠ ȁ ץ

ᵀ ̆ ѿ ᴨᵀ Ȃ 

Ҍ └ᵬ ̆ ҹ 

F G= +x x w         (2.55) 

ῒҬ̆ xҹ ̆ F ҹ ̆wҹ ̆Gҹ ῀ Ȃw

ҹQȂ № ⌠ ꜚ ҹ 

1 ( , ), 0k k k k k kN Q-=F +x x w w       (2.56) 

ῒҬ̆ 1k-x kx №≢ҹ 1kt - kt ┴ ̆ kF ҹ ̆ kw ҹ

Ȃ kw ׆ № ̆ῒ ṿҹ0̆ ҹ kQ Ȃ F ȁ

G Q
kF kQ Ὲ Shin (2006)ȁGroves (2013)ᾝ et al. (2015)Ȃ

ѿ ᵌ ҹ 

k k kI F tF = + D        (2.57) 

ῒҬ̆ I ҹ ᵝ ̆ kF ҹ kt ┴ ̆ 1k k kt t t -D = -ҹ ᴰ Ȃ

kQ ᵌ Ὲ ҹ̂Maybeck, 1982; Shin, 2006̃ 
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1
[ ( ) ( ) ( ) ( ) ( ) ( ) ]

2

T T T

k k k k k k k k k kQ G t Q t G t G t Q t G t t= F + F D   (2.58) 

ҹ 

, (0, )k kk k k kH N R= +z z v v       (2.59) 

ῒҬ̆ kz ҹ ̆ kH ҹ ̆ kv ҹ Ȃ kv ׆ № ̆

ῒ ṿҹ0̆ ҹ kR Ȃ Ẋ kw kv ԑ Ȃ 

Kalman Һ №ҹң №̔ ҍ Ȃ ꜚ

̆ ╠ ᾢ ᵀṿ ῒ Ȃ ↕≠ ╠ ṿḱ

ᾢ ᵀṿ̆ ⌠ ᵀṿ ῒ Ȃ 

Ὲ ҹ 

1
Ĕ Ĕ( ) ( )k k k-- =F +x x         (2.60) 

1( ) ( ) T

k k k k kP P Q-- =F + F +       (2.61) 

ῒҬ̆ ( )-ҍ ( )+№≢ ҍ Ȃ 

Ὲ ҹ 

Ĕ Ĕ Ĕ( ) ( ) ( ( ))k k k k k kK Z H+ = - + - -x x x      (2.62) 

( ) ( ) ( )k k k kP I K H P+ = - -       (2.63) 

ῒҬ̆ kK ҹ ̆ῒ ҹ 

1( ) ( ( ) )T

k k k k k k kK P H H P H R -= - - +       (2.64) 

(2.60)ï(2.64) ҹ Kalman Ȃ ∆ṿ 0
Ĕx ȁ

0Pȁ 0Q 0R ̆ kt ┴ ṿ kz ̆ ץ ⌠ kt ┴ ᵀ Ĕ
kx Ȃ 

2.4.3  

҉ ԋӗҍKalman ̆ kt ┴ kt ץ

ӊ╠ ┴̂ , 1, 2, ... ,jt j k= ̃ Ḥ Ȃ ᵀ kt ┴ ̆ ≠ ⌠

ԅ kt ┴ӊ╠ҍӊ ̂ , 1, 2, ... , , 1, 2, ...jt j k k k= + + ̃ Ḥ ̆ ↕ҹ

Ȃ ᵀ ѿ ̆ ԍԊ ᵀ Ȃҍ

̆ ⌠ԅ Ḥ ̆ ⌠ ᴨ ᵀ Ȃ 

№ҹ҈ ̔ ȁ ט̂  et al., 

2003Ȃ̃Rauch-Tung-Striebel (RTS)ѿ ̆ Rauch et 

al. (1965)₮ №̆ҹ ңҩ Ȃ Ὲ 2.4.2.2̆

Ὲ ҹ̂Bock et al., 2011̃ 

1 1
Ĕ Ĕ Ĕ Ĕ( )f f

k k k k kF+ -

+ += + -x x x x       (2.65) 

1 1( )f f T

k k k k k kP P F P P F+ -

+ += - -       (2.66) 

ῒҬ̆Ĕkx kP№≢ҹ ҍ ̆҉ f - f +№≢ Ҭ

ҍ ̆ kF ҹ ̆ῒ ҹ 
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1

1( )f T f

k k k kF P A P+ - -

+=         (2.67) 

ῒҬ̆ kA ҹ kt ┴ Ȃ 

ҹԅ RTS ̆ Ḡ

ץ ̆Ӟ Ḡ ҩ ┴ ̆ RTS

Ữ Ȃ Ҭ̆ Ữ ̆ ⁞ Ữ

Ȃ 

2.5  

ῃ ԅGNSS/INS ҍ ̆

ҍ ȁGNSS ȁ ץ GNSS/INS

Ȃ 

ᾢ׃ ԅ₃ ץ ̆ ₮ԅҌ

ԑ ῏ Ȃ ׃ ԅGNSS ̆ GNSS ṿ ȁGNSS

ҍ ץ GNSS Ȃ №↕ ׃ ԅ ᴰ

ץ ̆ GNSS/INS ׃№ ԅ

҈ ̔ ȁ ̆ ԅң ᵀ ̔

ԋӗҍKalman ̆ ׃ ԅ ῖ RTS Ȃ ҍ

̆ ҹ ῀ Ȃ 
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 3  GNSS ғ ⅎ  

GNSS Ҭ ῏ ̆ ѿ ȁ

GNSS ᴆ̆ ̆ ꜚȁ GNSS

̆№ ȁ GNSS Ȃ 

3.1 GNSS  

 1 № ⌠̆GNSS №ҹ ԍ ᵝ ԍ

ᵝ ң Ȃ ҹ ԍ ᵝ ᵞ̆

ԍ ᵝ Ȃ ԍ ᵝ ҹ№ץ Ҋ̆ №≢ԇץ

Ȃ 

3.1.1  

№ҹң ̆ ѿ GNSS ṿᵀ ̆ ԋ ᵀ

Ȃ 

3.1.1.1  

2.2.3.1̆ ᵝ ᶏ̆ ȁ

ṿ ץ № ̆ Ḡ Ȃ ᵝ Ҭ̆

ҹ ғ Ҍ ̆ ṿ ҹ ꜚ ₱ ̆ ᵀ ҹ

ꜚ Ȃҹԅ ꜚ ̆ Ạ Ȃ 

ҍᴰ ᵝ ̆ GNSS Ҭ ῒ ӊ ̆r (̔1) 

Ҭ̆ ѿ ҹ ₃ ῤץ ̕(2) ҍ

ꜚ ץ ꜚ̕(3) Ҍ Ȃ ԍ ₃ ̆

Ҭ̆ ҹ ȁ ҹ ғ Ȃ 

ԍ₃ ῤץ ̆ ҍ ꜚ ѿ

ץ ҹ ̆ ῃ Ȃ ̆ ԍ ҍ

ԍ ң̆ҩ ѿ ץ ҹ ԑ

Ȃ  3-1 ₃ᵥ῏ ̆ k l⌠ i
i i i

kl l kL L L= - ԍ k⌠ l klb i
s ҉ Ȃԍ

ṿ ץ ҹ ₱  

,( )i i T i i

kl kl kl kl kl LL cdt Nl e=- + + +s b        (3.1) 

ῒҬ̆ kldt ҹ ̆
i

klN ҹ ̆ ,

i

kl Le ҹ ᵩ ȂẊ ңҩ

⌠ԅ ѿ j ̆ № ҉ῬẠ № ṿ ↕̆ ѿ
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,( )ij ij T ij ij

kl kl kl kl LL Nl e=- + +s b        (3.2) 

(3.2) ҹ≠ ṿ Ȃ ⌠ ᴰ ᵝ Ҭ̆

ṿ ҹ ꜚ ₱ ̆ (2.20)Ȃ ѿ ┴ ⌠n ̆

ԍ ȁ ’̆ / Ҋ 

H= +y x v          (3.3) 

ῒҬ̆ yҹ 2( 1)n- ṿ ̆ xҹ ᵀ ̆ 12b ҈ҩ №

12, 12, 12,( )x y zb b b ץ 1n-ҩ ̆Hҹ ̆Eҹ Ȃ yȁ x

H №≢ҹ 
12

12

13

12

1,

12

12

12

13

12

1,

12

n

n

L

L

L

P

P

P

è ø
é ù
é ù
é ù
é ù
é ù
=é ù
é ù
é ù
é ù
é ù
é ù
é ùê ú

y ̆

12,

12,

12,

12

12

13

12

1,

12

x

y

z

n

b

b

b

N

N

N

è ø
é ù
é ù
é ù
é ù
é ù=
é ù
é ù
é ù
é ù
é ù
ê ú

x ̆

12

13

1,

12

13

1,

( ) 0 0

( ) 0 0

( ) 0 0

( ) 0 0 0

( ) 0 0 0

( ) 0 0 0

T

T

n T

T

T

n T

H

l

l

l

è ø-
é ù
-é ù
é ù
é ù
-é ù

=é ù
-é ù
é ù-
é ù
é ù
é ù
-ê ú

s

s

s

s

s

s

    (3.4) 

ԍ (3.3)̆ ≠ ׃2.4.2 ᵀ ̆ ᵀ ⌠

Ȃ 

(3.4) ԅ ȁ ’̆ᵖ ῏ ⱴ̆

ȁ ̆ ҌῬ↓₮Ȃ ̆

̆ ṿֽ ῤ Ȃ Ạѿ ҹҌ

ṿ Ҍѿ Ҍ̆Ḃ ṿ̆ ѿ ҹ №

ṿ Ẓ ̂Inter-System Bias, ISB̃ ̂Odijk and Teunissen, 2012Ȃ̃ 

 

 3-1  

Ҭ̆ Ȃ ҹ ȁ Ҍ

̆ ץ (3.2) Ҋ  
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kl kll=b          (3.5) 

ῒҬ̆ kll ҹ Ȃ Ҭ̆ ̆ ꜛԍ

ⱳ Ȃ 

ԅᶏ Ӟ̆ ≠ץ PPP №≢ Ҍ ᵝ ̆

Ῥ ᵝ ⌠ Ȃ ԍ PPP ᶭ ҍ ֟ ̆

̆ ̆ ғ ̆ PPP

ҍ ᵝ ⱷלȂ Ҭ ѿ (3.2)

Ȃ 

3.1.1.2 ⌐ ᵆ  

Ҍ ѿ ̆ ̂n ̃ᵬҹ ᵀ Ȃ ᵣ ̂b ̃

Ҋ ҍn Ҋ Ҋ῏  
n n b

i b iC=b b          (3.6) 

ῒҬ̆
b

ib
n

ib №≢ҹb n Ҋ ̆iҹ ̆
n

bC b ԍn

Ȃ
b

ib Ԋᾢ ⌠̆ᶛ Ԋᾢ ת GNSS

̂Cannon et al., 1994̃̆
n

ib 3.1.1.1 ⌠̆
n

bC ᵀ

Ȃ 

ᵀ №ҹ ԍ Wahba ȁ ץ

ԋӗ ̂Lu, 1995Ȃ̃ 

1) ԍWahba  

ᴰ ȁ ȁת ⱬ ̆ ֓ᴰ

ץ ҹ ᵝ ̆ ᵝ ȁ ת ᵝ

ⱬ ᵝ ̂Crassidis et al., 2007Ȃ̃≠ ֓ ṿ

̆ ԍWahbâWahba, 1965Ȃ̃Wahba ⌠

AᶏҊ ₱ ̂Markley and Mortari, 2000̃̔  

2

1

1
( ) | |

2

m

i i i

i

L A a b Ar
=

= -ä         (3.7) 

ῒҬ̆Aҹ ̆ ↓ ṿҹ1 ֜ ,ibҹ ᵣ Ҋ ᵝ ̆ ir

ҹ Ҋ ᵝ ̆ ia ҹ ̆mҹ ҩ Ȃ 

(3.7) ⌠ 

0( ) ( )TL A trace ABl= -        (3.8) 

ῒҬ̆ 0

1

=
m

i

i

al
=

ä ̆
1

m
T

i i i

i

B a
=

=ä b r Ȃ ̆ᶏ ( )L A ԍᶏ ( )Ttrace AB Ȃ 

֜ProcrusteŝHurley and Cattell, 1962̃ҍWahba ᵌ̆ῒ

ѿҩ A ҹ B ֜ T̆ץᶏ E AT B= -



GNSS/INS ҍ  

37 

( ' ) mintr E E = Ȃ ֜ProcrustesⱴT ↓ ṿҹ1 ѿ ᴆ ↕̆ҍWahba

ᴇ̂ Markley and Mortari, 2000; Crassidis et al., 2007Ȃ̃Schºnemann (1964), Schºnemann 

(1966)₮ԅ ֜Procrustesѿ Ȃ 

‗Wahba ̂  1-1̃̆ῒҬ ң Davenportôs q 

methodQUEST ̂Crassidis et al., 2007Ȃ̃Wahba ‗ ԍ

ṿ̆ Wahba ‗ ԍ GNSS ̆ѿ Ạ ᾢ

̆ ᵬҹ ̆ ѿ Ạ GNSS ṿẠ

̂Bar-Itzhack et al., 1998Ȃ̃ 

QUEST ᾝ ̆ ≠ ᾝ ῏ Ḥ Ȃ ѿ ̆

₮ԅ ԍQUEST ̆ QUEST ̂Filter QUEST, Shuster, 

1989̃ QUEST ̂Recursive QUEST, Bar-Itzhack, 1996Ȃ̃Psiaki (2000)₮

QUEST ̂Extended QUEST̃ ѿ ȁ ẫ ̆ ԅ

ᵀ ̆ ᵀ ̆ ẒȂ 

2)  

Ҍ ̆ΐ ȁ ᴨ ȂҊ ₮

Ȃ 

ԍ҈ҩ ’̆ (2.1)̆ ң b Ҭ №≢ҹ 

1 1( 0 0)b Tl=b         (3.9) 

2 2 2( cos sin 0)b Tl la a=b       (3.10) 

ῒҬ̆ 1l 2l №≢ҹ ң ̆aҹ ң Ȃ ̆ ץ

ң n Ҋ  

1 1 1 1( )n n n n Tx y z=b         (3.11) 

2 2 2 2( )n n n n Tx y z=b         (3.12) 

(3.6) ԍ ѿ ̆↕  

1 1

n n b

bC=b b          (3.13) 

(3.9)ȁ(3.11) (2.3)̆ Ḳᴀ Ὲ ҹ 

1 1atan 2( , )n ny y x=         (3.14) 

2 2

1 1 1atan( / ( ) ( ) )n n np z x y=- +       (3.15) 

ץ ⌠̆ Ḳᴀ ֽ≠ ⌠ԅ ѿ Ḥ ̆ (3.14)ȁ(3.15)

Ӟ ԍ Ȃ 

↕ ⌠ԅ yȁ pץ ԋ Ȃ ԍ 

1 2 3( ) ( ) ( ) ( )n T

bC R r R p R y=         (3.16) 

ῒҬ ( )R xa a x Ȃ (3.6) ԍ ԋ ̆

↕  
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2 1 2 3 2( ) ( ) (y)b nR r R p R=b b         (3.17) 

҉  
'

22

'

2 2

'

2

cos 1 0 0

sin 0

00

n

n

n

xl

l cr sr y

sr cr z

a

a

è øè øè ø
é ùé ùé ù

= é ùé ùé ù
é ùé ùé ù-ê úê ú ê ú

       (3.18) 

ῒҬ̆ 
'

2

'

2 2 3 2

'

2

( ) (y)

n

n n

n

x

y R p R

z

è ø
é ù

=é ù
é ù
ê ú

b        (3.19) 

yȁḲᴀ p n Ҋ ԋ 2

n
b ⌠Ȃ (3.18)

ᾝ ̆ Ὲ ҹ 
'

1 2

'

2

tan
n

n

z
r

y

-å õ
= æ ö

ç ÷
         (3.20) 

ᴆҊ̆ ᾟ№≠ Ḥ Ȃ ң ’Ҋ̆ Ḥ

ῃ ⌠̕ ԍң ̆Ӟ ≠ ᵩ Ḥ Ȃ ̆ ѿ

ᾟ№≠ Ḥ ᴨ Ȃ 

3) ԋӗ  

(3.6) ҹ ԋӗ ̆ ≠ץ ԋӗ

̂Krakiwsky, 1987̕Lu, 1995Ȃ̃Ҋ ₮ ԋӗ Ȃ 

(3.6) ᵌ 0 0 0( , , )y p r ̆ ץ ⌠ 

0

n b b b b

i i i i i

R R R
R y p r

y p r

µ µ µ
= + D + D + D

µ µ µ
b b b b b      (3.21) 

ῒҬ̆Rҹ ̆ 0 0 0 0( , , )R R y p r= ̆ Rף ҹԅ ᾧҍҊ

C ȂR῏ԍ Ẓ ҹ̂Diebel, 2006̃ 

0 0 0

cp sy sr sp sy cr cy cr sp sy sr cy
R

cp cy sr sp cy cp sy cr sp cy sr sy
y

- Ö - Ö Ö - Ö - Ö Ö + Öè ø
µ é ù
= Ö Ö Ö - Ö Ö Ö + Ö
é ùµ
é ùê ú

   (3.22) 

=

cy sp sr cp cy cr cp cy
R

sy sp sr cp sy cr cp sy
p

cp sr sp cr sp

- Ö Ö Ö Ö Öè ø
µ é ù

- Ö Ö Ö Ö Ö
é ùµ
é ù- - Ö - Öê ú

        (3.23) 

0

0

0

cr sp cy sr sy sr sp cy cr sy
R

cr sp sy sr cy sr sp sy cr cy
r

cr cp sr cp

Ö Ö + Ö - Ö Ö + Öè ø
µ é ù
= Ö Ö - Ö - Ö Ö - Ö
é ùµ
é ùÖ - Öê ú

     (3.24) 

⌠
b

ib
n

ib ̆  

=n n n

i i id+b b b          (3.25) 
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=b b b

i i id+b b b          (3.26) 

ῒҬ̆
n

ib
b

ib ҹ ṿ̆
n

idb
b

idb Ȃ (3.25)ȁ(3.26)(3.21)῀ף̆

⌠ Ҋ  

i i iA X= D +v l         (3.27) 

ῒҬ̆ il iv ≢ҹ ̆ῒ ҹ 

0

b n

i i iR= -l b b         (3.28) 

0

b n

i i iRd d=- +v b b        (3.29) 

Ẋ
b

ib
n

ib №≢ҹ ,b iC ,n iC ̆ ᴰ iL

ҹ 

iC =
0 , 0 ,

T

l i b iR C R C+        (3.30) 

Dxҹ ᵀ  

( )y p rD = D D Dx        (3.31) 

iAҹ  

b b b

i i i i

R R R
A

y p r

è øµ µ µ
=é ù
µ µ µê ú

b b b       (3.32) 

m ҍ ̆ ԋӗ‰↕̆ ץ ⌠ XD ᵀ ṿҹ 
1

1 1

1 1

Ĕ
m m

T T

i i i i i i

i i

A C A A C

-

- -

= =

å õ
D =-æ ö

ç ÷
ä äx l      (3.33) 

҉ ԋӗ ᵌ Ạԅ ̆ ף Ȃ ԋ

ӗ ∆ṿ Ҍ ᶏ̆ ⌠ ᵬҹ∆ṿ ₃̆ ף

̂Lu, 1995Ȃ̃ 

҉ ≠ ҈ Ҭ̆ ԍ Wahba

Ҍ ף ̆ ȁ ̆ᵖ Ҍ ᾟ№≠ Ḥ

̆ ԍ Wahba ҈ҩ № ῤȂ ԋ

ӗ ף ̆p ᾟ№≠ Ḥ ̆ ץ

ῤ̆ ԋӗ ҍ ң ᴨ Ȃ 

3.1.2  

ԅ GNSS ṿҍ ῏ ̆Ҍ

Ȃ (3.2) ₮ԅ ṿ῏ԍ ₱ ̆ῒҬ ij
s klb

̂ n ̃Ҋ ̆ ⌠ 
n n b

kl b klC=b b          (3.34) 

(3.2) ѿ ҹ 

,( )ij ij T n b ij ij

kl b kl kl kl LL C Nl e=- + +s b       (3.35) 

҉ ҹ ̆ ҹ
n

bC ij

klN Ȃ 
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(3.35)Ҭ̆
n

bC 3ҩ ᾝ Ӝᾝ ̆ ȂҹԅḂԍ

̆
n

bC ῒ ̂ ȁ ᾝ ̃̆ ̆

( , , )n

bC y p r Ȃ (3.35) ῏ԍ ₱ ̆ ᵌṿ 0 0 0( , , )y p r

ῒ Ȃ 

(3.35) ң Ȃѿ 0 0 0( , , )y p r ѿ יּ ̂Cheng 

et al., 2014̃̆ ԍ  

,( ) ( ) ( )
n n n

ij ij T b ij T b ij T b ij ijb b b
kl kl kl kl kl kl L

y
C C C

L p N
y p r

r

l e

Dè ø
è øµ µ µ é ù
= - - - D + +é ùé ùµ µ µê úé ùDê ú

s b s b s b  (3.36) 

ῒҬ̆ 

0 0 0( ) ( )ij ij ij T n b

kl kl b klL L C y , p ,r= +s b       (3.37) 

῏ԍ Ẓ (3.22)ï(3.24)Ȃ ᵀ ṿҹ 

0 0 0
ĔĔĔ Ĕ Ĕ Ĕ( ) ( ) ( )T T Ty p r y p r y p r= + D D D     (3.38) 

ѿ Ҭ̆ ԍ Ҋ ̂Groves, 2013̃ 

,0( [ ])n n n

b nb bC I Cd= - Øy        (3.39) 

ῒҬ̆
n

bC ,0

n

bC №≢ ṿҍ ᵌṿ̆ ( )n T

nb y p rd = D D Dy ҹ ̆

Ĕ[ ]n

nbd Øy ҹῒ ̆ῒ ҹ 

0

Ĕ[ ] 0

0

n

nb

r p

r y

p y

d

-D Dè ø
é ù

Ø = D -D
é ù
é ù-D Dê ú

y       (3.40) 

῀ף(3.39) (3.35)̆ ⌠  

[ ] [ ]Ø =- Øa b b a        (3.41) 

⌠ 

,0 ,( ) [( ) ]ij ij T n b n ij ij

kl b kl nb kl kl LL C Nd l e=- Ø + +s b y      (3.42) 

ҹ ԋ ȂῒҬ̆
ij

klL (3.37)̆
n

nbdy ҹ ᵀ

̆ ,0( ) [( ) ]ij T n b

b klC- Øs b ҹῒ Ȃ ᵀ ҹ Ĕn

nbdy ̆ (3.39)

ᵀ ṿҹ 

,0
Ĕ Ĕ( [ ])n n n

b nb bC I Cd= - Øy        (3.43) 

ҍ ῏ ̆ (2.4)̆ ⌠ ᵀ ṿȂ 

Ẋ mҩ n ̆ ⌠ / Ҋ 

H= +y x v          (3.44) 

Ҭ ӈ (3.3)Ȃ ҉ ҍ (3.3) ̆ᵖ (3.3) ҩ

ṿ̆ ҉ ԅ ҩ ṿȂ ԍ ȁ ’̆Y X №≢

ҹ 
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12

12

1,

12

12

12

1,

12

12

1

1,

1

12

1

1,

1

n

n

m

n

m

m

n

m

L

L

P

P

L

L

P

P

è ø
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
=é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ùê ú

y ̆

12

12

1,

12

12

1

1,

1

n

m

n

m

y

p

r

N

N

N

N

Dè ø
é ù
D
é ù
é ùD
é ù
é ù
é ù
é ù=
é ù
é ù
é ù
é ù
é ù
é ù
é ù
ê ú

x        (3.45) 

ԍ (3.36)̆ H ҹ 

,0 ,0 ,012 12 12

12 12 12

,0 ,0 ,01 1 1

12 12 12

,0 ,0 ,012 12 12

12 12 12

( ) ( ) ( ) 0 0 0

( ) ( ) ( ) 0 0 0

( ) ( ) ( ) 0 0 0

n n n

b b bT b T b T b

n n n

b b bn T b n T b n T b

n n n

b b bT b T b T b

C C C

y p r

C C C

y p r

C C C

y p r

H

l

l

µ µ µ
- - -

µ µ µ

µ µ µ
- - -

µ µ µ

µ µ µ
- - -

µ µ µ

=

s b s b s b

s b s b s b

s b s b s b

,0 ,0 ,01 1 1

12 12 12

,0 ,0 ,012 12 12

1 1 1

,0 ,0 ,01 1 1

1 1

0

( ) ( ) ( ) 0 0 0 0

( ) ( ) ( ) 0 0 0

( ) ( ) ( )

n n n

b b bn T b n T b n T b

n n n

b b bT b T b T b

m m m

n n

b b bn T b n T b n T

m m

C C C

y p r

C C C

y p r

C C C

y p

l

µ µ µ
- - -

µ µ µ

µ µ µ
- - -

µ µ µ

µ µ µ
- - -

µ µ

s b s b s b

s b s b s b

s b s b s 1

,0 ,0 ,012 12 12

1 1 1

,0 ,0 ,01 1 1

1 1 1

0 0 0

( ) ( ) ( ) 0 0 0 0

( ) ( ) ( ) 0 0 0 0

n

b

m

n n n

b b bT b T b T b

m m m

n n n

b b bn T b n T b n T b

m m m

r

C C C

y p r

C C C

y p r

l

è ø
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é
é
é
é
é
é
é
é
é µ
é

µ µ µé
- - -é µ µ µ
é
é
é

µ µ µé- - -
é µ µ µê ú

b

s b s b s b

s b s b s b

ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù
ù

(3.46) 

ԍ (3.42)̆ H ҹ 
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12

,0 12

1,n

,0 12

12

,0 12

1,

,0 12

12

,0 1

1,

,0 1

12

( ) [( ) ] 0 0 0

( ) [( ) ] 0 0 0

( ) [( ) ] 0 0 0 0

( ) [( ) ] 0 0 0 0

( ) [( ) ] 0 0 0

( ) [( ) ] 0 0 0

( )

T n b

b

T n b

b

T n b

b

n T n b

b

T n b

b m

n T n b

b m

T

C b

C b

C b

C b

H

C b

C b

l

l

l

l

- Ø

- Ø

- Ø

- Ø

=

- Ø

- Ø

-

s

s

s

s

s

s

s ,0 1

1,

,0 1

[( ) ] 0 0 0 0

( ) [( ) ] 0 0 0 0

n b

b m

n T n b

b m

C b

C b

è ø
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ù
é ùØ
é ù
é ù
é ù
- Øé ùê ús

    (3.47) 

ҍ ⱴ̆ ҉ ȁ ’̆ 3.1.1.1

Ȃ 

Ҭ̆ ҩ ṿ
ij

klL ѿҩ ̆

ԋӗ Kalman ᵀ ᵀ ץ Ȃ Ҭ̆ ҩ

̆ Ḥ ≠ץ Ȃ Ҭ̆ ҩ ̆

≠№ᾟץ Ḥ Ȃ 

Ҭ̆ Ȃ ԍ ̆ ≠ץ

ԑ῏ Ḥ ̆ Ҍ Ȃ Ҭ̆ ѿ ҍ

̆ ᵣҬ ᵬҹ ѿ №̆ (3.35)ȁ(3.36) (3.42)Ҭ
b

klb ̆ Ḥ ̂ ȁ ̃ Ҭ̆

ץ ῃ Ḥ Ȃ 

ԍ ̆ ץ ף Ȃ (3.35) ̆

GNSS ṿ ῏ԍ ₱ ̂ᶛ ԍ ̆ ⌠҈

₱ ̃̆ ⱴ҉ ҍ ѿ ᵬҹ ᵀ ̆ ∆ṿ

Ȃ ∆ṿҌ ‰ ̆ ҍ ᴪ ⌠ Ȃ 

 3-1 ԅ ҍ ᴨ Ȃ ץ ⌠̆ ᾟ№≠ ԅ

Ḥ ₃ᵥ ̆ ҉ ᴨԍ ̆p №ᶭ ∆ṿ

̆ Ҭ Ȃ ԍ ῤ ᶫ Ḥ ̆ GNSSҍ

ᾥץ ∆ṿҌ‰ ̆ᾟ№ ᴨלȂ 
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 3-1 ғ ᴮ  

 ᴮ   

 Ғᶳ ԓ√ẅ 
ⅎҩ Їҧ Ḫ Ж 

ɻ  

 
҅ Ҳ ЇҒҧ Ḫ Ж 

Ὴ Ḫ  
⃰ Ї ᶳ √ẅ 

3.2  

3.1 ₮ԅ ̆ ץ

Ȃ ᵀ ̆ Ȃ ̆

Ȃ 

׃1.2.1.2 ԅ ῒ№ Ȃ ᴧ

Ҭ̆ ѿ ԍ ԋӗ̂Mixed Integer Least Squares, MILS̃

̂Xu et al., 1995̃ 
1

,
min( ) ( ), ,T n m

yyA B Q A B-- - - - Í Í
a b

y a b y a b a b   (3.48) 

ῒҬ̆yҹ ̆ yyQ ҹῒ ғ̆ ( )E y A B= +a b̆A Bҹ ̆

aҹn ̆bҹm Ȃ 

ԋӗ ץ ҹ Ҋ ԋӗ̂Integer Least Squares, 

ILS̃ ̂Teunissen, 1995; Xu, 2010̃ 
1

ĔĔ
Ĕ Ĕmin( ) ( )

n

T

a
Q-

Í
- -

aa
a a a a         (3.49) 

ῒҬ̆Ĕaҹa ̆ ĔĔQ
aaҹĔa Ȃ 

ṿ ̆ ԋӗ ԅ₮ GNSS Ҭ Ӟ̆

ԍ ῒ ̆ Ḥȁ ᵣ ̂Xu, 2010Ȃ̃ 

3.2.1 ԑӝ  

GNSS Ҭ̆ҹԅ (3.49) ԋӗ ̆ ᾢ

Ĕa ῒ ĔĔQ
aă ≠ץ 3.1 ԋӗ

Kalmanᵀ ⌠Ȃ ԋӗ №ҹңҩ ̔ ῏

̂Decorrelation/Reductioñ ̂SearchȂ̃ ѿ Ҍ ̆ ῏

ѿ Ҍ ̆ ῏ ҹԅ Ȃ ῏ҍ

ԋӗ Fincke and Pohst (1985)̆ ԋӗ ῒ

῀GNSS Teunissen (1993)ῒ̆ ₮ LAMBDA ̂Teunissen, 1995̃

ԍGNSSꜚ ᵝ Ȃ 

1) ῏ 

῏ Z ̂ ̃  
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TZ=z ă ĔĔ TZ=z ă ĔĔĔĔ

T

zz aaQ Z Q Z=      (3.50) 

ῒҬ̆z ̆Zҹ ̆ῒ Z ׅ

Ḡ Ȃԍ (3.49) ԋӗ ҹ 
1

ĔĔ
Ĕ Ĕmin( ) ( )

n

T

z
Q-

Í
- -zzz z z z        (3.51) 

῏ ԍ ĔĔaaQ LTDL№  

ĔĔ

T

aaQ L DL=          (3.52) 

Ҍ L D ̆ ⌠ ĔĔzzQ LTDL№  

ĔĔ

T

zzQ L DL=          (3.53) 

Ӟ ⌠ԅ Z Ȃ (3.52) (3.53)Ҭ̆ L L ҹҊ҈ ᵝ ̆

1( , ... , )nD diag d d= ̆ 1( , ... , )nD diag d d= ̆ ( )diag ̆ ғ

, 0 ( 1, ... , )i id d i n> = ̆nҹ ҩ Ȃ 

҉ ῏ Һ ңҩ ̂Chang et al., 2005̃̆ ѿ ᵞ ῏ ̆

ᶏ ĔĔzzQ ̂ L ᾝ ̃̆ ԋ ᶏD ᾝ

ץ ↓̆  

1 2 nd d d² ²ÖÖÖ²        (3.54) 

ңҩ ̆ ҹԅ ⌠ Ȃ 

₮ԅҌ ῏ ̆ῒҬ Teunissen (1994)

₮ ῏ ̆ ᾢ Lenstra et al. (1982)₮ Hassibi and Boyd (1998)

῀ LLL ץ Xu (2001)₮ Cholesky№ ȂChang et al. 

(2005) ῏ ҉ ₮ԅ Һᾝ̂ symmetric pivotingȁ̃ ̂greedy 

selectioñ ̂lazy transformatioñ ̆ ԅ ῏

Ȃ 

ҹԅ (3.54) ̆ ῏ ԅ Ȃ ̆

⌠ ῏ Ạ Ҍֽֽ ľ ῏Ŀ̆ ҩ ҹľReductionĿ ҹ Ȃ

῏ ȂSchnorr and Euchner (1994)

ᾝ ↓̆LAMBDA ῏ ↓̆Xu et al. 

(2012)₮sorted QRץ V-BLASTң ̆ ң №≢ ԍ ᴆ

ᴆ ‰↕Ȃ 

῏ԍ ῏ ῤ ̂ ΐᵣ ̃ Teunissen (1995)ȁChang et 

al. (2005)Xu et al. (2012)Ȃ 

2)  

ҽ ̆ ⌠ᶏҊ ₱  
1

ĔĔ
Ĕ Ĕ( ) ( ) ( )Tf Q-= - -

zz
z z z z z       (3.55) 

ѿ ̆ᵬҹ ᴨᵀ Ȃҹԅ ̆Ẋ ҉
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₱  
1 2

ĔĔ
Ĕ Ĕ( ) ( ) ( )Tf Q c-= - - ¢zzz z z z z       (3.56) 

҉ ҹ ᵣȂ 

῏ ץ ⌠ (3.53)̆ ῒף῀ (3.56) ץ ⌠ 
1 2( ) ( ) ( )Tf D c-= - - ¢z z z z z       (3.57) 

ῒҬ̆ 
1 Ĕ( )L-= - -z z z z        (3.58) 

҉ ԍ 

1

Ĕ Ĕ, ( ) , 1, ... ,1
n

n n i i j j ji

j i

z z z z z z l i n
= +

= = + - = -ä     (3.59) 

ῒҬ̆ jil ҹ LҬ ᾝ Ȃ (3.57) ץ ⌠ 

22 2
21 1 2 2

1 2

( )( ) ( )
( ) n n

n

z zz z z z
f

d d d
c

-- -
= + + + ¢z     (3.60) 

҉ № ҹ῏ԍ z № Ҋ 
1/2 1/2

1/2 2 2 1/2 1/2 2 2 1/2

1 1

1/2 2 2 1/2 1/2 2 2 1/2

1 1 1 1 1

2 2

[ ( ) / ] [ ( ) / ]

[ ( ) / ] [ ( ) / ]

n n n n n

n n

i i j j j i i i j j j

j i j i

n n

j j j j j j

j j

z d z z d

z d z z d z z d z z d

z d z z d z z d z z d

c c

c c

c c

= + = +

= =

- ¢ ¢ +

- - - ¢ ¢ + - -

- - - ¢ ¢ + - -

ä ä

ä ä

 (3.61) 

ԍ҉ № ̆ ѿ z ѿҩ№ Ȃΐᵣ

Chang et al. (2005)Xu et al. (2012)Ȃ 

z ѿҩ№ ̆ᴰ ῤ׆ ⌠ ̆

Fincke and Pohst (1985)Teunissen (1995)ȂSchnorr and Euchner (1994)↕ ׆₮

Ҭ ȁ ̂zigzagged manner̃ Ȃ 

(3.56) ̆ 2c‗ ԅ ᵣ Ȃ LAMBDA Ҭ̆
2c Ҍ ̆ ᵞ ‗ԍ 2c ṿȂFincke and Pohst (1985)₮ԅꜚ

̂shrinking̃ ̆ ҬҌ 2c ṿ̆ ԍ 2c

Ҍ Ȃ 

⌠ ᴨ z ̆ (3.50) ⌠

Ҋ 

1Z-=a z        (3.62) 

Ҭ̆ ԅ ⌠ ᴨ ̆Ӟ ⌠ ҩ ᴨ ץ̆ Ȃ 
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3.2.2  

ҍGNSSꜚ ᵝҌ ̆ GNSS Ҭ̆ ғ Ȃ

Ҭ ↕̆ ץ ⱳ Ȃ

ᵣ҉ №ҹ҈ ̔ ѿ ≠

׆̆ ⱳ ̕ ԋ ≠ Ḥ Ṝ ̆

╧ Ҍ Ṝ ̕ ҈ LAMBDA 

(Constrained LAMBDA, CLAMBDA) ̆ ⌠ ԋӗᵀ

Ҭ̆ ѿ ҹҤ ̂Park and Teunissen, 2003; Park and Teunissen, 2009; 

Teunissen, 2006; Teunissen, 2010Ȃ̃ 

CLAMBDA ‗ ԋ ԋӗ Ȃ ҹ

ṿ̂
2E( ) , D( ) ll l s= =b ̃̆ ԋӗ ₱ ↕ҹ

̂Teunissen, 2010̃ 

3ĔĔ

2
Ĕ( ) min ( , )

aaQ b
F H

Í
= - +a a a a b       (3.63) 

ῒҬ̆
2 1( ) ( )T

Q
Q-Ö = Ö Ö̆ ғ 

Ĕ Ĕ( ) ( )

2
2 2Ĕ( , ) ( ) ( )

b a b a

l
Q

H ls-= - + -a b b a b b     (3.64) 

ᴨ ҹ 

arg min ( )
na

F
Í

=a a         (3.65) 

3
argmin ( , )

b
H

Í
=b a b         (3.66) 

⌠ (3.63) (3.49) ԅҍ ῏ ̂ ԋ ̃̆ ҹ ѿ

̆ ҌῬ ↕ ᵣ̆ ᶏ CLAMBDA

LAMBDA Ȃ 

Ҭ̆ ѿ ( )F a ̆ ѿ ( )b a  

3
( ) argmin ( , )

b
H

Í
=b a a b        (3.67) 

ԍ ԋӗ ̆ ץ Ȃ Ҭ̆ ⌠

( , )H a b ῏ԍb ѿ Ẓ ̆ ⌠ῒ ҹ 

-1 -1 2

Ĕ Ĕ Ĕ Ĕ( ) ( ) ( ) ( )

( , ) Ĕ2 ( ) 2 ( 2 2 )lb a b a b a b a

H
Q Q ls-

µ
=- + + - +

µ

a b
b a b v b

b
   (3.68) 

2 2 2 2 2 2 2 2 2

T

yx z

x y z x y z x y z

bb b

b b b b b b b b b

è ø
é ù=
é ù+ + + + + +
ê ú

v     (3.69) 

҉ ԋӗ ̆ҹԅ ᾧ ̆

Teunissen (2010)₮ ᾟҍ ң ̆ ԅCLAMBDA Ȃ 
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3.3  GNSS Ҳ  

GNSS Ҭ̆ ȁ ȁ №

Ȃ ԍ ̆ҍᴰ ῏ Ӟ ҹ ῃ Ȃ

ԍ ̆ ᵝҬ №Ӟ ץ ῃ ̂El-Hattab, 

2013Ȃ̃ Һ ̆ῒ ᵝ №≢

1ï2 cm 1ï2 mm̂ Lu, 1995Ȃ̃ҹԅ GNSS ̆ ┴Ҍ

ҍ ᵣ ↨ Ӟ Ҍ Ȃ 

3.3.1  

≠ GNSS ̆ ṿ №̆ ṿ ┴

̆ Ҍ ↕ᴪ Ȃ ԍ Ғ ̆ ҩ

ṿ῍֣ѿҩ ̆ Ḡ ṿ ┴Ҥ ̆Ҍ ҉ Ȃᵖ ҹԅ

̆ Ғ Ӟ ԍ ȁ Ȃ Ғ

Ҍ ῃ ̆ ṿ ┴Ҍ ῃ ̆ Ӟ ᾧȂ

╠ ԅ ̆p ꜚ Ҭ ̆ ꜚ ȁ

Ҭ ̂Zhang et al., 2015Ȃ̃ 

Hoyle et al. (2002)₮̆ң Ҍ ⌠₃ҩms̆ ᵣꜚ

̆ 20Á ̆5 ms Ҍ 0.1Á ȂWang 

(2003)ԅ0.1, 0.2, 0.5 s Ҍ ̆ ᴆҊ 0.92 m ṿ

ԅ Ẓ ̆ ṿ Ẓ ⌠₃ҩmm̆ ȁḲᴀ Ẓ

№≢ ⌠0.05Á 0.46ÁȂ  3-2 ₮ԅ ң Ҍ ̆ ץ

⌠ ⌠1 msȂ 

Buist et al. (2010)₮ԅ ⌠ ┴Ҍ ̆ ҍᴰ

ᴏ̆ ꜚ Ҭ̆

16 cm ̆ ≠ ₮ ῃ ȂHenkel and 

Iafrancesco (2014)₮ԅ ┴Ҍ Ὲ ̆ Ὲ ⌠ԅ ᵌᵝ

̆≠ԍ ȂZhang et al. (2015)№ ԅ ┴Ҍ ȁ

̆ ₮ԅ№≢ ԍ ṿ ȁ ң ̆

ң ┴Ҍ ̆p ң

ᵣ ̆ғ ԍⱴ ȁ ’Ȃ 
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 3-2 ҩ Trimble NetR9Ғ  

Ҋ ṿ Ȃ 1 1t ┴ȁ

2 2t ┴ ѿ s ᵝ ṿ ҹ 

1 1 1 1 1 1 1 1 1 1 1( )( ( ) ( ))se t x t x t c t T I Nlj d l e= - + + - + +   (3.70) 

2 2 2 2 2 2 2 2 2 2 2( )( ( ) ( ))se t x t x t c t T I Nlj d l e= - + + - + +  (3.71) 

ῒҬ̆ ( 1, 2)ie i= ҹ ᵝ ῒ̆ᵩ ӈ 2.2.1Ȃ

ԍ ᴪ Ҋ Ҭ ̆ ҉ ң ↓₮Ȃ ҉ ң ̆

2lj Ώҹ 

2 1 1 2 1 2 2 2 2 2 2 2 2 2 2 1 1 2 1( ) ( ) ( )( ( ) ( )) ( ) ( )se t x t c t T I N e t x t x t e t x tlj d l e=- + + - + + + - + (3.72) 

(3.72) (3.70)̆ Ẋ ̆ ץ ῃ

̆ ⌠ Ҋ 

1 1 1 2 1( ) ( ) ( )e t x t c t t N cl j d d l eD =- D + - + D +D +   (3.73) 

ῒҬ̆ 1 1( )e t ҹ 1t ┴ 1 ᵝ ̆ 1( )x tD ҹ 1t ┴ ̆

1 1( )e t ȁ 1( )x tD №≢ ԍ Ҭ ҍ ᵀ Ȃc ҹ ױ

̆ῒ ҹ 

2 2 2 2 2 1 1 1 2 1( )( ( ) ( )) ( )( ( ) ( ))s sc e t x t x t e t x t x t= - - -     (3.74) 

3.3.2 ᵩ −  

GNSS Ҭ̆ GNSS ᵣ ↨ ̆ ᵣ Ҭ

ᵝ Ҍ Ȃᵖ ᵣҌ ῃ↨ ̆ ῒ ᵣ ȁ

ꜚ ▲ ̆ ᵣ ⱴ ̆ ᵣ ↨ ᴪ

Ȃ 
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Cohen (1992)₮̆ ᵝ ᴪ ̆

₮ ῀ ╝ץ̆ ץ

ȂCohen et al. (1993)ȁCannon et al. (1994)₮ԅ ̆ ⱳ ԍ

҉ GNSS ȂKozlov et al. (2015)₮ԅᵀ GNSS ↓

ѿ Ὲ ̆ ₮ԅ ’ҊGNSS ↓ № ̆ ᴋ

Ҍ ᵀ̆ ֓ Ҋ ᵀ̆ ғ ת ⱴ῀ ⱴ

Ȃ 

3.3.3  

GNSS ̆ ԅ ⌠ Ḥ ̆ ⌠

Ḥ ̆ ҹ ̆ῒ ᵝ

Bishop et al. (1985)̆Georgiadou and Kleusberg (1988)van Nee (1992)Ȃ 

№ ԅ ȂGilkey et al. (1995)ȁLu (1995)

ң ̆ Һ ғ̆ ң

ȂRay et al. (1999)№ ԅ ᵝ ṿ ̆

ҩ ΐ ῏ Ȃ 

└ Һ̆ ̂1̃ ԍ ̕

̂2̃ ᶏ ground planeschokering ground planeŝ̕ 3̃

̂̕ 4̃ └ ̂̕ 5̃ ̂Lu, 1995;Larson 

et al., 2007Ȃ̃ 

₮ԅҒ └ ȂPasetti and 

Giulicchi (1999)₮ԅ ҈ ̆№≢ ԍ ȁ Ḥ

ṿ̆ ԍ № ṿȂ ԍ

ȁ ̆ ԍḤ ṿ ↕ ѿ № ҍ ̆

ⱳ̆ ȁ ȁ ᵀ ȂRay et al. (1999)ȁ

₮ԅᵀ ̆T ȁ

̆ 73% ̆ ₮ ԍ

GNSS‰ ȂVaillon et al. (2000)ԍGNSS ̆

̆ҍᴰ ̆ └ ̆

⌠30%̆ ԅ ᴨ └ ȁ ╠ Ȃ 

3.4  

3.4.1  

GNSSβ Ҭ̆ ᵝ ̂Position Dilution of Precision, PDOP̃
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ᵝ ῤ̆ ₃ᵥ№ ᵝ ȂҌ ᵌ ̆

₃ᵥ№ GNSS Ȃ ̆ ≠ԍ№

ҍ ̆Ӟ ≠ԍ GNSS Ȃ 

Lucas et al. (1990)₮ DDOP̂Differential DOP̃̆ ԅ ҍ

₃ᵥ№ ῏ ȂJurgens and Rodgers (1991)ᶏ AZDOP̂Azimuthal Dilution of 

Precisioñ ₃ᵥ№ ̆ ₮ ῏ԍ AZDOPȁ

ҍ ᵝ ȂLu (1995)ԅ ҍ ᵝ ȁ

῏ ̆ ң̕ ֜̆ ȂCohen 

(1996)₮ԅADOP̂Geometrical Dilution of Precision for Attitudẽ̆ ԅ ҍ

ҩ ῒ₃ᵥ№ ȁ ȁ ṿ ῏ ̆ ѿ ⌠ ҍ

ȁ ṿ ῏ ȂPuri (1997)ԋӗ Ҭ

ADOP̆ ԅ ҍ ṿ ῏ Ȃ 

҉ץ Ҋ ѿ Ҍ ̔(1) ԍ ȁԋ

’̆Ҍ ԍ ȁ҈ ’̕(2) ֽ ̆ № ҈

ҩ ̆Ҍ≠ԍ ΐᵣ № ̕(3) ⌠ ╠ ҍ ῏ Ȃ ֓

̆ ѿ ԅ ȂYoon and Lundberg (2001)ADOP

ԅ ̆ ӈԅEADOP̆ № ҹ ȁḲᴀҍ ҈ҩ

ȂPark et al. (2006)ԅ EADOPῈ ̆ Ὲ ҹ ᵣ ȁ

ҍ ₱ ̆ ԍ Ạԅ Ẋ ̆ Ὲ Ҍ ₃ᵥ№

Ȃ 

Yoon and Lundberg (2001)₮ EADOPȂҍ Yoon and 

Lundberg (2001)Ҍ ̆ Ҭ EADOP Ҍ Ạ ѿ ̆

ԅ ȂEADOP ҍPDOPᵌ̆Ҋ ₮ῒ Ȃ 

3.1.2₮ԅ Ȃ ȁ ṿ ⱴ

ѿ ҹH ̆ Hֽ ҍ ῏ ҈↓ȂẊ

ṿ ̆ ԋӗ ⌠ ҹ 
1( )TQ H H -=         (3.75) 

Ὲ ҹ 

11YawDOP Q=         (3.76) 

22PitchDOP Q=         (3.77) 

33RollDOP Q=         (3.78) 

11 22 33EADOP Q Q Q= + +       (3.79) 

ῒҬ̆YawDOPȁPitchDOPȁRollDOP EADOP№≢ ȁḲᴀ ȁ

ץ Ȃ ѿ ̆ Ὲ ҹ 
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yaw YawDOPfs s= Ö         (3.80) 

pitch PitchDOPfs s= Ö        (3.81) 

roll RollDOPfs s= Ö         (3.82) 

att EADOPfs s= Ö         (3.83) 

ῒҬ̆ yaws ȁ pitchs ȁ rolls atts №≢ ȁḲᴀ ȁ ץ

̆ fsҹ ᵝ ṿ Ȃ ԍ ̆ fs ҹ

ṿ Ȃ 

3.4.2 ᴕ ⅎ  

ῤ ᴏ № ̆ ̂ ҍ ץ̃

╠ Ȃ ᶏ ₃ᵥ№ ̆ Ҍ№ ₃ᵥ

№ ’ Ȃ (3.80)ï(3.83) ̆ ҍ ᵝ ṿ

ᶛ῏ Ȃ ᴏ Ҭ̆ ᵝ ṿ ѿ ҹ3 mmȂ 

ᴏ ԅ  3-3 ҈ Ȃ ѿ ңҩ ֜ ̆ ҹ ṿ қ̆

Ҍ ̆ 0.1 mⱴ⌠1 m̕ ԋ Ҭ̆ң

Ҍ ̆ ҹ1 m̆ 30Á ⱴ⌠90Á̕ ҈Ҭ Ҭ̆

ҍ Ҍ ̂ ҹ1 m̆ ң ֜̃̆ Ḳᴀ 0Á ⱴ⌠60ÁȂ 

       

      (a) 0.1 1 m    (b) 30Á 90Á  (c) Ḹᴆ 0Á 60Á 

 3-3 ᴕ  

 3-4 ₮ԅ ѿ Ҋ ᴏ ̆ ҍ

῏ Ȃ ץ ⌠̆ ⱴ̆ ̆ ₃ӍҌ

̆Ḳᴀ ̆ ҍḲᴀל ᵌȂ

ԍ0.3 m̆ ̆ ԍ ң ֜ ̆ Ḳᴀ

ȁ ѿ Ȃ ⱴ⌠ 1m ̆Ḳᴀ ҍ ̆

ԍ‗ ң Ȃ ԍ ṿ ’Ҋ̆ ԍң ֜

ҹ ҹ1 m ̆ 0.08Á̆ Ḳᴀ ҍ 0.12Á̆

ҹ0.18ÁȂ 
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 3-4  

 3-5 ₮ԅ ԋ Ҋ ᴏ ̆ ҍ

῏ Ȃ ץ ⌠̆ ֜̆ ҍḲᴀ

̆Ḳᴀ ҹ Ȃ ̆ Ҍ ̆ ֜̆

Ȃ GNSS Ҭ̆ ֜ Ȃṿ

̆Ҍ ᵥ ̆ ₃ӍҌ Ȃ 

 

 3-5  
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 3-6 ԍ ҈ Ҋ ᴏ ̆ ԅ ҍ ╠ ῏

Ȃ ץ ⌠̆ Ḳᴀ ⱴ̆ ᵞ̆ Ḳᴀ ȁ ץ

ᾢ ̆ ᵞȂ Ḳᴀ ҹ0Á ̆ ҹ0.18Á̆

Ḳᴀ ⱴ̆ ̆ Ḳᴀ ҹ20Á ̆

⌠ ҹ̆0.17Á̆ ᵞȂ Ḳᴀ ҹ60Á ̆ ҹ0.25ÁȂ

ԍ ҍ ╠ ℗ ῏̆ ⱴԅ ҉№ ҍ

Ȃ 

 

 3-6 Ḹᴆ  

3.5 ғ  

ԍ҉ץ ̆ ≠ C/C++ ԅѿ

̂GPS+BeiDou+GLONASS+Galileoȁ̃ΐ ̂1ï50 Hz̃ ⱬ

GNSS ᴆȂ 

ᴆ GNSS ̆ Kalman ᵀ ̆

ԅRTS ̆ ץ Ԋ Ȃ ᴆΐ ̆

̆ ≠ GF ȁ≠ MW ץ ≠

̂Loss of Lock Indicator, LLĨ ̆ ₮ ↕ Ȃ ᴆ

ꜚ ̆ ȁ ⱴ ̆ Ḡ ԅ ᴨ̆ Ḡ

ԅ Ȃ ᵀ №̆ ԅ ҍ ң Ȃ ᴆ
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 3-7Ȃ 

 

 3-7 GNSS ᴌ  

3.6 ⅎ  

ԍ ҍ ᴆ ̆ ѿ ‰ GNSS ̆

№ Ȃ ῤ Һ ң ̔ ꜚ Ȃ

̆ ₮ԅ2011 MW9.0 ҍ№ Ȃ 

3.6.1  

ҹ20176 12 Ҋ ̆ Ȃ

 3-8 ҈̆ҩ №≢ҹ4.5ȁ4.1 mғԑ ң ̆

ԍ҈ ҉Ḡ ̆ ҩ Ȃ ҹTrimble NetR9̆

ҹTrimble 57971.00Ȃ ҹ50 Hz ᴺ ҍ ᵝ

ṿ̆ ҹ8 Ȃ  3-9ȁ  3-10№≢ ₮ԅ № PDOP

ṿ ’Ȃ 



GNSS/INS ҍ  

55 

    

                          (a)                   (b) ₉ᵫⅎ  

 3-8  

 

 

 3-9 ⅎ  

Ѓ ɻ ɻ ғ ⅎ⌡ GPSɻBeiDouɻGLONASSGalileoЄ 

 

ᶏ GNSS ᴆ̆ ҉ GNSS

Ȃ ҍ ҹ ᴺ ᵝ ṿ̆ ṿⱴ ̆

ᴺ ᵝ ‰ ṿҹ 100:1̆ ҹ 10ÁȂ ױ ԅ GPSȁBeiDouȁ

GLONASS ץ GPS+BeiDou+GLONASS+Galileŏ ԍ ѿ ┴
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⌠ Galileo ̆ Ҍ Galileo Ȃ Ҭ ̆

ԍ ∆̆ ץ ⱴ῀

ֽֽ̆ ѿҩ ᾝ Ȃ 

 

 3-10 ғPDOPẅ 

 3-11 ₮ԅ ↓̆ҹԅ ̆ Ҍ

Ạԅ҉Ҋ ̂Ҋ Ȃ̃ҹԅ ⱴ ̆ ֽ ₮30 s Ȃ

ҹᶏ ANT 1 ANT 2 ̆ ҹᶏ ANT 1ȁANT 2 ANT 3 ҈

Ȃ  3-2 ₮ԅ ҍ 2 Ȃ 

ҍ҈ ץ ̆҈ ᵞԍ ̆

ῒ 1.3ï1.5ṐȂ Ḳᴀ ̆҈ ҍ

̆ ҍ ╠ ῏Ȃ ̆҈ ᶫѿҩ ̆

̆ῒ ҍḲᴀ Ȃҍ ̆҈ ̆ ғ ᶫ҈

ῃ ̆ Ҭ ᴨלȂ 

҈ ̆ Ȃ

Ҭ̆ Ḳᴀ 2Ṑ҉ץȂ ҈ ҈ Ҭ̆ ₮Ḳᴀ

2ï3Ṑ̆Ḳᴀ ԍ Ȃ ȁḲᴀ

№≢ҹ0.014Á̆ 0.034Á 0.039ÁȂ 

ҍ ҈ ץ ̆GPS, BeiDouGLONASS

̆ ҹ0.023Á̆ Ḳᴀ ҍ ĞPS B̆eiDou

ӊ̆GLONASS ᵞȂ ᴨԍ ̆ ԍ GPSȁ
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BD GLONASS ̆ №≢ ԅ1.5ï1.7Ṑȁ1.6ï2.0Ṑȁ

1.6ï2.1ṐȂ 

 

(a)          (b) Ҏ  

 3-11 GNSS ғ ∆ 

Ѓҿԋ Ї Ғ ẦԋҏҐ ЇҐ Є 

 3-2 Ѓ ᵣЕ Є 

  Ҏ  

 Yaw Pitch Roll Yaw Pitch Roll 

GPS 0.032 0.057 - 0.023 0.057 0.060 

BD 0.030 0.069 - 0.023 0.069 0.073 

GLO 0.034 0.070 - 0.023 0.070 0.082 

GPS+BD+GLO+GAL 0.019 0.034 - 0.014 0.034 0.039 

 

3.6.2 ꜠  

ҹ№ ꜚ ’Ҋ GNSS ̆ ԅ  3-12 ꜚ ̆

ꜚ ⇔ ꜚ Ȃ ꜚ ᵝԍ ̆

ѿ ̆ Ҋ ѿ ̆ ҍ ԍ

Ȃ ԍ GNSS ԍ ң ̆ ҉

ץ ᶫ Ȃ 
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20148 22 Ҋ ԅ ꜚ Ȃ  3-12 ̆҈ҩGNSS

̆ ҹTrimble 57971.00̆ ҩ ҍѿ Trimble NetR9

Ȃ ҹNV-LINS812̆ ֤ ᴍ Ὲ ֟

̆ῒ ȁḲᴀ №≢ҹ 0.005Á̆ 0.003Á 0.003ÁȂ

ԅ ңҩ ̆ 50 Hz GNSS ץ 200 Hz Ȃ

╠3000 sῤ̆ Ḡ ̆ ԅ ꜚ ȂGNSS

№ ץ PDOPṿ№≢  3-13ȁ  3-14̆ ꜚ ԍ

 3-14 №Ȃ  3-3 ₮ԅ PDOPṿҍ Ȃ 

 

 3-12 ꜠  

 

 3-13 ꜠ ⅎ  

Ѓ ɻ ɻ ғ ⅎ⌡ GPSɻBeiDouɻGLONASSGalileoЄ 
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 3-14 ꜠ ғPDOPẅ 

 3-3 ꜠ PDOPẅғ  

 Static Dynamic 

 1  

min 

3  

min 

5  

min 

10  

min 

50  

min 

Period 

1 

Period 

2 

Period 

3 

Period 

4 

GPS 1.9(9) 1.9(9) 1.9(9) 1.9(9) 1.9(9) 1.9(8) 1.7(9) 2.0(8) 2.1(8) 

BD 2.5(8) 2.4(8) 2.3(8) 2.2(9) 2.0(9) 3.1(8) 3.1(8) 2.7(8) 2.9(8) 

GLO 2.1(6) 2.1(6) 2.2(6) 2.2(6) 2.7(6) 2.4(6) 2.4(6) 2.5(6) 2.4(6) 

Multi-

GNSS 
1.1(24) 1.1(24) 1.1(24) 1.1(24) 1.2(23) 1.3(21) 1.2(22) 1.4(21) 1.4(21) 

 

≠ ⌠ ̆  3-15  3-16 ₮ԅ ꜚ

↓ȂῒҬ̆Baseline 1ANT 1ANT 2

̆Baseline 2ANT 1ANT 3 Ȃ ץ ₮̆ ԍ

ĞPS ĞLONASSӊ B̆eiDou Ȃ ĞPS GLONASS

ל ̆BeiDou↕ ҹ ̆Ҍ ל Ȃ

ԍᴋᵥѿҩ ̆ ғ₃ӍҌ ל Ȃ  3-4

₮ԅ ‰ Ȃ ԍ ̆ ᵣ ̆GPS ̆

BeiDouӊ ĞLONASS Ȃ ԍ ҈ҩ№ ̆ ҹ

̆ ҹ ⌠֒ Ȃ ԍ ̆

’Ҋң қ ȁ №≢ҹ1.2ï1.7, 1.3ï1.44.0ï4.3 mmȂ 
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 3-15 ꜠ ∆ЃBaseline 1Є 

Ѓ ЕGPSЖ ЕBeiDouЖ ЕGLONASSЖ ЕGPS+BeiDou+GLONASS+GalileoЄ 

 

 

 3-16 ꜠ ∆ЃBaseline 2Є 

Ѓ ЕGPSЖ ЕBeiDouЖ ЕGLONASSЖ ЕGPS+BeiDou+GLONASS+GalileoЄ 
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 3-4 ꜠ ‼ Ѓ ᵣЕmmЄ 

 Baseline 1 Baseline 2 

 E N U E N U 

GPS 2.7 3.0 8.0 2.6 6.2 6.1 

BD 3.6 5.1 8.4 3.8 5.7 9.1 

GLO 4.6 2.4 8.7 4.4 3.1 12.5 

GPS+BD+GLO+GAL 1.8 1.7 3.3 1.6 2.3 5.1 

 

Ҋ № Ȃ  3-17ȁ  3-18₮ԅ ҈

↓ ̆ GPS̆ BeiDou GLONASS ץ

GPS+BeiDou+GLONASS+Galileo Ȃ ₮Galileo

̆ ԍ ⌠ Galileo ң ̆Ҍ ץ Galileo Ȃ ץ

⌠̆ ̂3000 s̃ ̆ ῤ̂30 s̃ Ȃ

Ȃ 

 

 

 3-17 ꜠ ∆Ѓ3000 sЄ 

Ѓ ЕGPSЖ ЕBeiDouЖ ЕGLONASSЖ ЕGPS+BeiDou+GLONASS+GalileoЄ 
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 3-18 ꜠ ∆Ѓ30 sЄ 

Ѓ ЕGPSЖ ЕBeiDouЖ ЕGLONASSЖ ЕGPS+BeiDou+GLONASS+GalileoЄ 

 3-5 ₮ԅ ‰ Ȃ ץ ׆̆⌠ ’ ̆

GPS ̆GLONASSӊ̆BeiDou ᵞ̆ ԍ

1̆№ ῤ ȁḲᴀ №≢ ⌠0.015Á̆

0.038Á 0.056ÁȂ׆ ҈ҩ ̆ ̆Ḳᴀ ӊ̆

ᵞȂ ᵣ ̆Ḳᴀ ȁ №≢ 2Ṑ 5ṐȂ׆Ҍ

҉ ̆ ῤ ̆ ᵞȂ ԍ ̆ ᵞ

̂  3-17  3-18̃Ȃṿ ̆BeiDouҌ ῤ

̆ ԍBeiDou Ҭ ̆₃Ӎ ᵞ Ȃ 

 3-5 ꜠ ‼ Ѓ ᵣЕ Є 

 GPS BD GLO GPS+BD+GLO+GAL 

 Yaw Pitch Roll Yaw Pitch Roll Yaw Pitch Roll Yaw Pitch Roll 

1-min 0.016 0.049 0.077 0.045 0.089 0.190 0.029 0.050 0.094 0.015 0.038 0.056 

3-min 0.020 0.052 0.085 0.042 0.086 0.192 0.029 0.053 0.128 0.017 0.038 0.057 

5-min 0.021 0.055 0.087 0.042 0.091 0.187 0.032 0.060 0.220 0.018 0.040 0.068 

10-min 0.020 0.055 0.107 0.042 0.093 0.181 0.036 0.060 0.187 0.017 0.040 0.070 

20-min 0.021 0.077 0.189 0.041 0.093 0.168 0.038 0.066 0.212 0.017 0.041 0.084 

30-min 0.033 0.112 0.227 0.041 0.090 0.182 0.045 0.117 0.208 0.021 0.042 0.091 

40-min 0.047 0.104 0.209 0.041 0.090 0.187 0.048 0.113 0.260 0.023 0.042 0.101 

50-min 0.046 0.100 0.199 0.041 0.091 0.194 0.050 0.109 0.282 0.022 0.041 0.108 

Ҋ № ꜚ ᴆҊ GNSS Ȃ GNSS ̆
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ᵬҹ ṿȂ ᶏ GINS

ᴆ̂Niu et al., 2015̃̆ GNSS/INS Ȃ ̆

ԍ ̆ GNSS GNSS

ԍ Ȃҹԅ ң ̆ ⌠

GNSS ҊȂ ̆ᶭ Xu et al. (2013)₮ ̆

ԅ Ẓ ᶛ Ȃ ѿ Ẓ ҍ ᶛ ̆ Ẓ ҹ

0.01 s̆ ᶛ ҹ1.0266Ȃ 

 

 

(a) GPS                                  (b) BeiDou 

 

(c) GLONASS                    (d) GPS+BeiDou+GLONASS+Galileo 

 3-19 ꜠ ꜠ ‟Ґ Ѓ꜠ 1Є 

Ѓ ЕGNSSЖ ЕIMUЖ ЕGNSS Є 
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 3-19~  3-22№≢ ₮ԅ ҩꜚ GNSS ȁ ץ ץ

ҹ ṿ GNSS ̆ ҉ȁ ҉ȁ Ҋ Ҋ№≢ GPSȁBeiDouȁ

GLONASSץ GPS+BeiDou+GLONASS+GalileoȂ ץ ⌠̆ꜚ ’Ҋ GNSS

ҍ ҈ҩ ҉ ῒ̆Ҭ Ȃץ

ᵬҹ ̆ ԅGNSS ҩꜚ ῤ ̆  

 3-6ɼ Ї ԓ ЇGPS ЇGLONASS ӐЇBeiDou

ᵤɼ ԓ ɼ ᵩ Ї꜠ ‟Ґ ד

0.1ÁװҐЇḸᴆ 0.1Á Ї ҿ0.2Áï0.3Áɼ  3-5ғ 

 3-6 ⌠ꜚ ’Ҋ ԍ ’Ҋ ̆ ̔(1) ԍ

ΐ ѿ ̆ ꜚ ᴆҊGNSS ҍIMU ₮ ѿ Ҍѿ ̂

ᵣ ↨ ̃̕ (2) ꜚ ’ҊGNSS Ȃ 

 

(a) GPS                                  (b) BeiDou 

 

(c) GLONASS                    (d) GPS+BeiDou+GLONASS+Galileo 

 3-20 ꜠ ꜠ ‟Ґ Ѓ꜠ 2Є 

Ѓ ЕGNSSЖ ЕIMUЖ ЕGNSS Є 
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(a) GPS                                 (b) BeiDou 

 

(c) GLONASS                    (d) GPS+BeiDou+GLONASS+Galileo 

 3-21 ꜠ ꜠ ‟Ґ Ѓ꜠ 3Є 

Ѓ ЕGNSSЖ ЕIMUЖ ЕGNSS Є 

 

 3-23₮ԅGPS ᵝ ṿ ↓̂ Baseline 1 2̆ L1 L2

ṿ̃̆  3-7 ₮ԅң GPS ṿ ṿȁ ṿ ‰

̂Standard deviation, STD̃ Ȃ ץ ₮̆ ᵝ ↓ ҹ ̆

‰ mm ΐ̆ᵣ ṿҍ ῏Ȃ ̆ꜚ ԍ

̆ ꜚ GNSS ṿ ̆ Ȃ 
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(a) GPS                                 (b) BeiDou 

 

(c) GLONASS                    (d) GPS+BeiDou+GLONASS+Galileo 

 3-22 ꜠ ꜠ ‟Ґ Ѓ꜠ 4Є 

Ѓ ЕGNSSЖ ЕIMUЖ ЕGNSS Є 

 

 3-6 ꜠ ꜠ Ѓ ᵣЕ Є 

 GPS BD GLO GPS+BD+GLO+GAL 

 Yaw Pitch Roll Yaw Pitch Roll Yaw Pitch Roll Yaw Pitch Roll 

Period 1 0.079 0.106 0.190 0.110 0.127 0.391 0.089 0.089 0.192 0.077 0.072 0.137 

Period 2 0.050 0.140 0.190 0.064 0.193 0.330 0.064 0.132 0.188 0.041 0.107 0.136 

Period 3 0.044 0.084 0.293 0.052 0.133 0.532 0.050 0.081 0.321 0.036 0.067 0.289 

Period 4 0.088 0.164 0.271 0.120 0.292 0.582 0.089 0.169 0.316 0.079 0.129 0.221 
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                (a) Baseline 1, L1                            (b) Baseline 1, L2 

 

                (c) Baseline 2, L1                            (d) Baseline 2, L2 

 3-23 ꜠ GPS ᵣ ẅ  

 3-7 ꜠ GPS ᵣ ẅ  Ѓ ᵣЕmmЄ 

 STD Max Min STD Max Min 

 Baseline 1, L1 Baseline 1, L2 

G02-G10 4.7 26.8 -28.6 5.2 28.3 -27.5 

G05-G10 4.3 21.8 -18.3 4.4 22.9 -22.8 

G06-G10 3.9 43.3 -26.7 4.8 50.1 -29.9 

G12-G10 4.2 28.7 -30.7 4.4 23.8 -32.0 

G13-G10 7.0 34.9 -43.7 6.0 46.4 -60.0 

G17-G10 5.9 24.4 -19.6 5.8 31.4 -31.0 

 Baseline 2, L1 Baseline 2, L2 

G02-G10 5.5 28.5 -24.2 6.3 29.2 -27.2 

G05-G10 5.0 31.0 -22.2 4.8 27.6 -22.9 

G06-G10 5.8 30.6 -21.6 4.6 33.1 -25.8 

G12-G10 4.4 25.7 -24.4 5.4 29.6 -22.8 

G13-G10 6.5 24.5 -33.4 7.9 23.6 -40.9 

G17-G10 4.9 26.4 -18.4 6.2 37.5 -25.4 

3.6.3 2011 MW9.0  

2011ץ MW9.0 ҹᶛ̆ ₮ GNSS ԍ

∆ Ȃ ԍ20113 11 14 46№24 ̂ ̃̆

Ҭᵝԍқ 142.373Áȁ 38.297Á̆ ץ ѿ ̆
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ӊ ԅ ֲ ᴴ֙ Ȃ GPS ӄ

GEONET 1000ҩ ҹ1 HzGPS ̆ № ҍ ҩ

̆ ᶫԅ Ȃ Ҭ ԅ5ҩ ҈

Ҋץ̂ ľ ҈ Ŀ̃̆ ҹ15 km̆ ױ № ’  3-24

̆ Ҭ̆ ᶛ ₮ԅ ҩ҈ ̆Ҍ ҈ Ҍ

№Ȃ Ҋ Ҭ̆ ᶛҬ ҈ Ҋᶭ⌠҉׆ ҹTriangle 1ï5Ȃ 

 

 3-24 2011 MW9.0 GPS ⅎ װ Ҏ  

GNSS ᴆ 5ҩ ҈ ԅ ̆ ⌠

GNSS ԍn ̆ ױ ԅ ̆

╠ ҹ ṿȂ≠ ╠1 ԅ ↓̆

ԍ  3-8̂ 1 Ū2.8¦10-4 Ȃ̃5ҩ ҈ ҹ0.05˼ï0.09˼ Ḳ̆ᴀ

ҹ 0.22˼ï0.31˼Ȃ 5ҩ ҈ ⌠ 10-5 ̆ ԍ

҉ ҍꜚ ̆ ҹ 5ҩ ҈ ԍ

Ȃ 

 3-8 ╦1 Ѓ ᵣЕ Є 

 Yaw Pitch Roll 

Triangle 1 0.049 0.271 0.232 

Triangle 2 0.089 0.282 0.305 

Triangle 3 0.072 0.220 0.246 

Triangle 4 0.064 0.308 0.211 

Triangle 5 0.045 0.240 0.235 

↓  3-25̆ ץ  

3-9ȂTriangles 1, 35 Ҭ ̆ ̆ ױ ץ
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ңҩ ҈ ̆ ҹTriangle 3̆ ⌠ԅ-3.96˼̆

ҹTriangle 5̆ ⌠ԅ11.37˼Ȃ҉ץ ∆ ̆ GNSS

ץ Ȃ 

 

                 (a) Triangle 1                               (b) Triangle 2 

 

                (c) Triangle 3                               (d) Triangle 4 

 

(e) Triangle 5 

 3-25 Ҏ ∆ 
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 3-9 Ѓ ᵣЕ Є 

 Amplitudes Coseismic rotations 

 Yaw Pitch Roll Yaw Pitch Roll 

Triangle 1 4.41 5.98 10.77 -0.54 1.28 3.11 

Triangle 2 4.21 6.40 5.17  -1.31 0.63 0.64 

Triangle 3 6.94 5.28 9.75  -3.96 1.11 1.38 

Triangle 4 6.18 3.53 7.39  1.95 0.58 1.16 

Triangle 5 2.64 5.07 11.37 -0.95 1.26 3.15 

3.7  

GNSS ῀ ̆ ԅᾢ ȁῬ

ṿᵀ ̆ № ԅ ң ᴨ Ȃ

ԅ GNSS ῏ ̆ ȁ

Ȃ ԍ ֓ ̆ ԅ GNSS ̆ GPSȁ

BeiDouȁGLONASSGalileo ̆ ғΐ ⱬ̆ҹ

ҍ№ ᶫ ᴆ Ȃ 

ᴏ № ҹ̆ GNSS ᶫ Ȃ

ᴏ Ҍ ̆№ ԅ ̂ ץ̃ ╠

Ȃ 

№≢ ԅ ҍ ꜚ ̆ ҍ№ ԅ GNSS ’Ҋ

Ȃ Ҭ̆ ԅ ҍ҈ ̆ ԍ҈

̆ ғ ᶫ҈ ῃ ̆ Ҭ ᴨלȂ ҈ Ҭ̆

̆Ḳᴀ Ȃ ᴨԍ ̆

ԍ GPSȁBeiDouGLONASS ̆ №≢ ԅ 1.5ï1.7

Ṑȁ1.6ï2.0Ṑȁ 1.6ï2.1ṐȂ ꜚ Ҭ̆ ᾢ ᵀԅ ҍ

̆ ץ IMU ҹ ̆№ ԅꜚ ’Ҋ ҍ

Ȃ ̆ ꜚ ’Ҋ̆ GNSS ᶫ

Ḥ ̆ῒҬ Ȃ ̆ 2011ץ MW9.0 ҹ

ᶛ̆ ₮ GNSS ԍ ∆ ̆ GNSS

ץ Ȃ 

  



GNSS/INS ҍ  

71 

 4  GNSS ẅ ⅎ  

GNSS ⌠ң ̔₱ ҍ Ȃ₱ ԅ ṿҍ

῏ ̆ ѿ Ȃ ṿ ̆

ԅ ṿ Ȃ GNSS Ҭ̆‰ ץ ̆

ױֲ ף Ȃ ̆ ᵀ ̆ ‰ ̆

Ḡ ᵀ ץ ᵀ ṿ ‰ Ȃҹԅ

̆ ᵀ Ҭ № ̆ ҩ ױ № ᵀ ̂Variance 

Component Estimation, VCEȂ̃ 

GNSS ṿ ⌠ ̆p GNSS Ҭ̆ №

̆ ᵩ ֽ ῤ Ȃ

Ҍ ̆ ῒ ԍ ̆ ῤ Ҍ

̆ῒ ΐѿ Ȃ ̆ GNSS ῤ ̆ GNSS

ΐ ₮ ӈȂ 

̆ GNSS ṿ ̆

GNSS ῤ Ȃ ᾢ׃ ԋӗ № ᵀ ̆

GNSS₃ᵥ ῏₱ ̆ GNSS Ȃӊ GNSS

ץ № ᵀ ̆ ₮ GNSS ҍ№ ̆ №

ⱳ Ȃ 

4.1 ⅎ ᵆ  

№ ᵀ ̆ ԋ Ẓᵀ ̂MINQUEȁ̃ ᴨҌ

ԋ Ẓᵀ ̂BIQUĔ̃ ԋӗ № ᵀ ̂LS-VCẼ̆ ᵌ ᵀ ̂MLẼ

ץ ԍ Bayesian № ᵀ ̂Teunissen and Amiri-Simkooei, 2007; Rao, 

1971; Koch, 1987; Yu, 1992; Yu, 1996; Xu et al., 2006; Satirapod et al., 2013̃Ȃ ֓ Һ

ᵀ ץ↕‰ № Ẋ Ҍ ȂLS-VCE ԍ ԋӗ ̆

ԅ ԋӗ‰↕ ῏ ȂLS-VCE ѿ ȁ № ᵀ ̆

ԍGNSS ṿ ̆ Tiberius and Kenselaar (2000)̆Bona 

(2000)Ămiri-Simkooei (2007)ץ Li (2016)Ȃ ̆ Ӟ LS-VCE №

ᵀ Ȃ 

4.1.1 ԑӝ ⅎ ᵆ  

№ ץ ҹ 

( )E A=y x         (4.1) 
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0

1

( )
p

y i i

i

D Q Q Us
=

= = +äy       (4.2) 

ῒҬ̆ (4.1)ȁ(4.2)№≢ ₱ ҍ ̆ y 1m³ ̆ x 1n³

̆ A ῏ yҍ x m n³ ̆ yQ ҹ y m m³ ̆ oQ

ҹ yQ Ҭ №̆ iU ҹ ̆ 1[ , ... , ]Tps s=s №

Ȃ ( )EÖ ( )D Ö№≢ף ṿ Ȃ 

VCE ᵀ № ̆ sȂLS-VCE ҹ̂Amiri-Simkooei, 

2007̃ 

ĔN =s w         (4.3) 

ῒҬ̆ Ĕsҹs ᵀ ṿ̆ N w ҹ 
1 1( )kl k y A l y An tr U Q P U Q P- ^ - ^=        (4.4) 

1 1 1 1

0
Ĕ Ĕ ( )T

k y k y k y A y AQ U Q tr U Q P Q Q Pw - - - ^ - ^= -e e      (4.5) 

ῒҬ̆
1 1 1( )T T

A y yP I A A Q A A Q^ - - -= - ҹҍ A ֜ ̆I ҹ ᵝ ̆Ĕ AP^= ye ҹ

ԋӗ ̆ ( )tr Ö Ȃ ԋӗ № ᵀ ҹ 

-1Ĕ N=s w        (4.6) 

ῒ ҹ 
1

ĔQ Ns

-=         (4.7) 

Όᵩ ҹ̂Amiri-Simkooei, 2007̃ 

( 1)

2

b b
r p

+
= -        (4.8) 

ῒҬb m n= -ҹ₱ (4.1) Όᵩ ȂXu et al. (2007)Amiri-Simkooei (2007)

ԅ ( 1) / 2b b+ ҩ № ᵀ̆ ҩ ṿ 0r = Ȃ 

ԍᵀ № s N w
yQ ̆ yQ ҍs

῏̆ ף № ȂAmiri-Simkooei (2007)LS-VCE 2ï4

ף ⌠ № Ȃ 

҉ № ̆ ҉ҹ ṿȂ Ҭ̆ ᴪ

ᵀ ⌠ ṿ̆ Ȃ₮ ’ Ҍ ̆

₱ Όᵩ ᵞ̆ ף № ∆ṿ Ҍ ̂Amiri-Simkooei, 

2007Ȃ̃ ₮ѿ֓ ᾧ ҉ № ₮ ṿ̆ ⱴ῀Ҍ

̂Lawson and Hanson, 1995ȁ̃ ̂Teunissen, 2004̃ ̆

№ ᵀ Ȃ ᶏ̆ № ₃Ӎ Ẓᵀ ̂Fºrstner, 1979̃

Ḡץ ҉ № Ȃῒ Ὲ ҹ̂Amiri-Simkooei, 2007̃ 
1 1

1

Ĕ Ĕ
Ĕ

( )

T

y k k y

k

y A y

Q U Q

tr Q P Q

s
s

- -

- ^
=
e e

, 1, ... ,k p=      (4.9) 
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ῒҬ ӈ Ὲ҉ץ Ȃᶏ Ὲ ̆ ץף ⌠ №

Ȃ 

4.1.2 ₉ᵫ ῗ⃰  

ԍ № GNSS₱ №ҹң ̔₃ᵥ ῏ ₃ᵥ ῏ ̂Amiri-

Simkooei et al., 2009; Teunissen, 1997b; Teunissen, 1997c; Teunissen, 1997a; Teunissen, 

1997dȂ̃₃ᵥ ῏ GNSS ṿ ҹ ₱ ᶏ̆

Amiri-Simkooei (2007) Li (2016)Ȃᶏ ₃ᵥ ῏ ѿ ᴨ̆ל

ᵀ ȁ ץ Ҍᶭ ԍ Ḥ Ȃ

ԍ̆ ⌠ ῀ѿҩ ̆ ȁ Όᵩ

Ẓᵞ̆׆ ⁞ ԅ ᵀ № ҩ ȁ ᵞԅ № ᵀ Ȃ₃ᵥ ῏

̆ ҍ ̆ ⌠ԅ

Ḥ Ȃ № ԍ № ᵀ ̆ ғᶏ ԅԊᾢ ҍ

̂Bona, 2000; Li et al., 2008Ȃ̃ҍ₃ᵥ ῏ ̆₃ᵥ ῏ ΐ

Όᵩ ̆ ΐ Ȃ ̆₃ᵥ ῏ ₃ᵥ ῏ ԍ

№ ᵀ ̆ ԍ₃ᵥ ῏ Ȃ 

ҹԅ GNSS ṿ ̆₱

ṿȂ ҉ № ץ ץ ̆

҉ № ץ ѿ ᵝҬ ץ ̆ ᵩ ֽ▼

Ȃ ̆ ҹᶏ ᾛ ᵀ Ȃᴺ

ᵝ ₃ᵥ ῏₱ ҉ ץ ҹ̂Li et al., 2008̃ 

, ,f f f

s s s

f rcv P hw P PP t tr d d eD =D +D +D +D      (4.10) 

, ,=
f f f

s s s s

f rcv L hw L f f LL t t Nr d l eD D +D +D - D +D     (4.11) 

ῒҬ̆D ̆
s

fP s

fL ҹ s f ҉ ᴺ ᵝ ṿ̆ srD ҹ

̆ , frcv PtdD ȁ , fhw PtdD ȁ , frcv LtdD , fhw LtD №≢ ᴺ ᵝ

ᴆ ̆
s

fND ҹ ̆ flҹ ᵝ ̆
f

s

PeD f

s

LeD №≢ҹᴺ

ᵝ ṿ Ȃ 

̆ srD ↕ ץ Ȃҹԅ≠ ╠

̆
s

fND Ώҹ ( )s s r r sr r

f f f f f fN N N N N ND = D -D +D =ÐD +D̆ῒҬ
r

fND

ҹ r ̆
sr

fNÐD ץ rҹ Ȃ ̆

ҹ 

, ,f f fP rcv P hw Pt t td d dD =D +D       (4.12) 

, ,f f f

r

L rcv L hw L f ft t t Nd d lD =D +D - D     (4.13) 

(4.12)ȁ(4.13)№≢ ᴺ ᵝȂ (4.10)ȁ(4.11)Ҭ ⌠ ̆ ץ
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⌠ 

f f

s s

f P PP td eD =D +D        (4.14) 

=
f f

s s

f L LL td eD D +D        (4.15) 

ῒҬ
s s s

f fP P rD =D -D̆ s s s sr

f f fL L NrD =D -D +ÐDȂ 

Ẋ ⌠ns nf ҩ ҉ ̆ ѿҩ ᾝ ⱴ ѿ ↕

⌠ /  

A +=y x e        (4.16) 

ῒҬ̆ [ ; ]= D Dy P L ҹ (2 ) 1nf nsÖ Ö ³ ̆ 1 2[ ; ; ... ; ]nfD = D D DP P P P ̆

1 2[ ; ; ... ; ]nfD = D D DL L L L ̆
1 2[ ; ; ... ; ]ns

f f f fP P PD = D D DP ̆
1 2[ ; ; ... ; ]ns

f f f fL L LD = D D DL ̕

[ ; ]P Ld d= D Dx t t (2 ) 1nfÖ ³ ̆
1 2

[ ; ; ... ; ]
nfP P P Pt t td d d dD = D D Dt ̆

1 2
[ ; ; ... ; ]

nfL L L Lt t td d d dD = D D Dt ̕ Aҹ (2 ) (2 )nf ns nfÖ Ö ³ Ö ̆ῒ ҹ 

2 ns

ns

ns

ns

totally nf duplicates of

A

Ö

è ø
é ù
é ù=
é ù
é ù
ê ú

e

e

e

e

        (4.17) 

ῒҬ nse ҹ ᾝ ҹ1 1ns³ e̕ ῒ̆ ҍ y ᵌȂ (4.16)

ᾝ ץ ⌠ ᾝ ’ 

1 1 1 1

K K K K

A

A

è ø è øè ø è ø
é ù é ùé ù é ù

= +
é ù é ùé ù é ù
é ù é ùé ù é ùê ú ê úê ú ê ú

y x

y x

e

e

      (4.18) 

ῒҬҊ 1, ... ,K ᾝȂ 

4.1.3 GNSS ẅ  

ҹԅ ҩ ̆ № ᵬҹ

ᵀ ̆ ’ № Ȃ ̆ ᵀ

̆ ғ Ȃ ̆ ױ Ạѿ֓ Ẋ

ץ Ȃ GNSS ṿ Ạ Ҋ҈ Ẋ (̔1) Ҍ /

ץ Ҍ ṿҌ ῏ ̕(2) Ҍ ṿ ῏

̕(3) ѿ ṿ ῏ Ȃ ԍ҈҉ץ

Ẋ ̆ Ҋ ҈ ̔(1) ѿ ȁҌ ṿ ̕(2) 

ѿ ȁҌ ṿ ԑ ῏ ̕(3) ѿ ṿ ῏ Ȃ

̂ ₃ ̃ῤ̆ ץ Ҍ ̆

ῤ ᵬ Ȃ ԍ ̆↕ Ȃԑ ῏ҍ

῏ ҹҌ Ȃ 



GNSS/INS ҍ  

75 

Ҋ ᶭ ׃ ҉ ҈ Ȃ ׃ ѿ ̆ ᾢ ₮

̆ ȁ ԍ Ȃ ױ (4.2)

ҹ῏ԍ № 0Q ȁ № is iU ̂ 1, ... ,i p= ̃ ₱ Ȃ

ᾛ ױ (4.6) (4.9)T № Ḃ̆ԍ VCEȂ ѿ

ṿ ↓ҽҊ 

1 1( , ... , , , ..., )nf nfT P P L L=         (4.19) 

ῒҬP L№≢ף ᴺ ᵝ ṿ Ҋ̆ ף ̆nf ҹ ҩ ̆ ṿ

ҹ 2nt nf= ³ Ȃ 

4.1.3.1  

̆ ҩ ᾝ ץ Ҋ 

1( )

( )

k

nt

T k

v

y

T k

Q

Q

Q

è ø
é ù
=é ù
é ù
ê ú

       (4.20) 

ῒҬ
k

v

yQ ף ky ̆ ky k ᾝ ṿ ҉̆ v

҉ № ̂ ̃̆ 1

2 2

( ) ( ) ( )
( , ... , )ns

i i i
T k T k T k

Q diags s= ̆ ( )diagÖ

̆
2

( )s
iT k
s s ҹ iT ṿ ̆ iT (4.19)Ҭ i ṿ Ȃ

k

v

yQ Ҭ̆ ῍ 2 nf nsÖ Ö̂ Ӟ nt nsÖ ̃ҩ № Ȃ 

k

v

yQ Ӟ (4.2) Ҋ 

2

1

( ) ( )
k

nf ns
v v

y i i

i

Q k U ks
Ö Ö

=

=ä        (4.21) 

ῒҬ ( )i ks ҹ ṿ ky Ҭ iҩᾝ ̆ ( )v

iU k ҹ Ȃ ( )v

iU k Ҭ

iҩ ᾝ ҹ 1̆ ῒᵩᾝ ҹ0Ȃ 

4.1.3.2 ԝ ῗ  

ṿ Ҍ ԑ ῏̆ ᾝ ҹ 

1 1 2 1 2 1 1

2 2 2

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )|

( )

nt nt

nt nt

k

nt

T k T T T k T k T T T k T k

T k T P T k P kv c

y

T k

Q Q Q

Q Q
Q

Q

r r

r

è ø
é ù
é ù
=é ù
é ù
é ùê ú

     (4.22) 

ῒ Ҭ ҉ |v c ҍ ԑ ῏ ̆ ( )iT kQ (4.20)̆

1 1( ) ( ) ( ) ( ) ( ) ( )
( , ... , )ns ns

i j i j i j
T k T k T k T k T k T k

Q diags s s s= ̆ ( )s
iT k
s ҹ

2

( )s
iT k
s ̆

i jTTr ṿ

iTҍ jT ԑ ῏Ȃ
i jTTr ҹҌ ̆ Ҍ ᾝ Ȃ ̆

|

k

v c

yQ ҹ̆ԅ ҉ ̆ (4.22)ֽ ↓₮ԅ҉҈ ᾝ Ȃ ԍҊ ȁ
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̆ Ӟ ↓₮҉҈ ᾝ Ȃ 

nt ṿ ̆↕ ᵀ ( 1) / 2nt nt- ҩԑ ῏ ̆↓ҽ Ҋ 

1 2 1 2 3 2 1

1( 1) ( 2)

( , ... , , , ... , , ... , )
nt nt nt ntT T T T T T T T T T

termnt terms nt terms

r r r r r
-

- -

      (4.23) 

(4.22)Ӟ (4.2) Ҋ 
( 1)/2

|

1

( )
k k

nt nt
v c v c

y y i i

i

Q Q U kr
-

=

= +ä       (4.24) 

ῒҬ
k

v

yQ ҉ № №̆ (4.20)̆ irҹ (4.23)Ҭ i 1iT - 2iT

ԑ ῏ ̆ 1iT 2iT №≢ҹ (4.19)Ҭ 1i 2i ̆ ( )c

iU k ҹ

̆ ץ  

1 2( ) ( )

( )

i iT k T k

c

i

Q

U k

è ø
é ù
é ù
é ù=
é ù
é ù
é ù
ê ú

       (4.25) 

1 2( ) ( )i iT k T kQ (4.22)̆ ( )c

iU k Ҭ ( 1 1) 1i ns- Ö + 1i nsÖ ȁ

( 2 1) 1i ns- Ö + 2i nsÖ ↓Ȃ 

4.1.3.3 ῗ  

ҹԅ ῀ ῏ ̆ ᾝ ̆ῒ ҹ 

1 1 2 1

2 2

|

|

| |

|

K

K

K

v c t t

y y y y y

v c t

y y yv c t

Y

v c

y

Q Q Q

Q Q
Q

Q

è ø
é ù
é ù
=é ù
é ù
é ù
ê ú

       (4.26) 

ῒҬ҉ | |v c t ȁԑ ץ῏ ῏ ̆
|

k

v c

yQ k ᾝ ԅ

ҍԑ ῏ ̆
i j

t

y yQ iȁ j ᾝ ῏ №̆ῒ ҹ 

1 1 1( ) ( )

( ) ( )

ij

i j

ij

nt nt nt

t

T T i T j

t

y y

t

T T i T j

Q

Q

Q

t

t

r

r

è ø
é ù
=é ù
é ù
é ùê ú

      (4.27) 

ῒ Ҭ
l

j i

Tr
-

lT ṿ ҹ j i- ῏ ̆

1 1( ) ( ) ( ) ( ) ( ) ( )
( , ... )ns ns

l l l l l l

t

T i T j T i T j T i T j
Q diags s s s= ̆ Ȃ ԍnt ȁKҩ ᾝ̆ ᵀ

῏ ѿ῍ ( 1)nt KÖ -ҩ̆↓ҽ Ҋ 

1 1

1

1 1 1 1

1~(k-1) for type T 1~(k-1) for type T

( , ... , , ... , , ... , )
nt nt

nt

k k

T T T T

Time lags Time lags

r r r r- -

      (4.28) 

(4.26) ץ (4.2) Ҋ 



GNSS/INS ҍ  

77 

( 1)
| | |

1

nt k
v c t v c t

Y Y i i

i

Q Q Ur
-

=

= +ä         (4.29) 

ῒҬ ir (4.28)Ҭ i ף̆ itT ṿ it ῏ ̆
t

iU ҹ

̆ῒ ҹ 

(1) (1 )

( ) ( )

it it i

it i it

T T

t

i

T K T K

Q

U

Q

t

t

+

-

è ø
é ù
é ù
é ù
é ù
é ù
=é ù
é ù
é ù
é ù
é ù
é ù
é ùê ú

    (4.30) 

ῒҬ ( ) ( ) ( 1, ... , )
it it iT j T j iQ j kt t+ = - j ȁ ij t+ ᾝ ῏ №̆ (4.27)̆

t

iU

Ҭ (( 1) 1) ( 1) 1j ns nt it ns- Ö Ö + + - Ö +(( 1) 1)j ns nt it ns- Ö Ö + + Öȁ

(( 1) 1) ( 1) 1ij ns nt it nst+ - Ö Ö + + - Ö +(( 1) 1)ij ns nt it nst+ - Ö Ö + + ÖȂ 

̆ ₱ ᶏ ṿ̆T ⌠ Ӟ ԍ

ṿȂ ԍ ңҩ ᶏ ᴆ ̆ Ẋץ ңҩ

ṿ № ̆ ṿ Ҋ  

/ 2UD SDs s=         (4.31) 

c c

UD SDr r=          (4.32) 

t t

UD SDr r=          (4.33) 

ῒҬ SDs ̆
c

SDr , 
t

SDr   UDs , 
c

UDr , 
t

UDr №≢ҹ ṿ ȁԑ ῏

῏ Ȃ 

4.2 GNSS VCE  

4.2.1 GNSS  

ҹԅ GNSS ṿ ̆ ױ

̂30.5ÁN, 114.4ÁẼ ԅ50 HzGNSS Ȃ ᶏ ԅң ᴆ

Trimble NetR9̆ ң ⱳ№ ҍ ѿҩTrimble 57971.00

Ȃ 201710 31 14 ̂GPS ̃̆ ҹ 24

Ȃ № ’  4-1̆ ṿ ҍ ↓ԍ  4-1Ȃ ԅ

GPS BeiDouңҩ ̆ GPS L1/L2BeiDou B1/B2ᴺ

ᵝ ṿȂ GPS L1/L2ᴺ C1 P2ң ȂGPS

ҹҬ ̂Medium Earth Orbit, MEÕ ̆ BeiDou ҈
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̆ ̂Geostationary Earth Orbit, GEOȁ̃ẁ ̂Inclined 

Geosynchronous Satellite Orbit, IGSÕ MEOȂ ῃ

GPS/BeiDou MEÔ ԅGPS G04̃ץ ῃ BeiDou GEOIGSO Ȃ

24 ԅ Ȃ 

 

(a) GPS                                (b) BeiDou 

 4-1 GNSS ⅎ  

 4-1 GNSS ẅ ғ  

Constellation Observation types Satellite types 

GPS 

L1 code (C1) 

MEO (G01ï32, 

except G04) 

L2 code (P2) 

L1 phase 

L2 phase 

BeiDou 

B1 code 
GEO (C01ï05) 

IGSO (C06ï10) 

MEO (C11ï14) 

B2 code 

B1 phase 

B2 phase 

4.2.2 VCE  

ᾢ (4.14)ȁ(4.15)̆ ≠ GPS/BeiDouᴺ ҍ ᵝ ṿ

ṿ̆ ҹ10ÁȂ ṿ ץ

ᵝ Ȃ ⌠ ṿ ̆ (4.16) (4.18) ₱ ѿ

ᵀ № Ȃ 

4.1.3⌠̆Ҍ ṿ ץ ҹ ԑ ̆ №≢ᵀ

GPSҍ BeiDouңҩ Ȃ ԍ ҩ ̆ҹԅ ̆ 24

№ ̆ ѿ ᵀ ₮ѿ Ȃ ԍҌ

№ ̂ ԑ ῏ҍ ῏̃̆ ᵀ ṿ ץ ᵀ ṿ ṿ ⌠

̂Amiri-Simkooei, 2007Ȃ̃ 

№ ᵀ ̆ ᴪẒᵞ̆ ғ ԍ ⌠
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̆ ᴪ Ҍ ᵀ ̆ ԍ GNSS ֓

ҹ ₮Ȃҹԅ ᾧ ֓ ̆ Li (2016)₮ ҈ ᵀ Ȃ Ҭ̆

ѿ ᵀ ̆ ԋ ᵀ ԑ ῏̆ ҈ ԑ ῏ ᵀ

῏Ȃ 

҉ ҈ ᵀ ̆≠ ⌠ 50 Hz GPS/BeiDoŭᶏ (4.6)

(4.9)№ ᵀ ȁԑ ῏ ῏Ȃ ᶏ ԅ ҉ ṿ̆ ԅ

ȁ ȁ ᵝҬ ץ ̆ ᵀ

҉ Ȃ ⌠ ṿ ̆ ױ

(4.31)ï(4.33) ῒ ҹ ṿ ȂҊ ₮ ṿ ȁ

ԑ ץ῏ ῏ № Ȃ 

4.3 GNSS ẅ ғⅎ  

4.3.1  

ᵀ ̆ 50 Hz 30 s№ҹѿ ̆↕ 1500ҩ ᾝȂ24

῍ 2880̆ Ҍ ̆ 2735 Ȃ ԍ ѿ

̆ ץ ҹ Ȃ 

 

 4-2 GPS ᵆ ẅ ש  

Ѓҿԋ Ї ᵆ ẅ y ҏẦԋ Ї ẅ ᶡҲЄ 

ᶏ (4.9) ף GPS/BeiDouṿ Ȃҹԅ ף ’̆

 4-2 ԅ ѿ ῤGPS ᵀ ṿ Ȃ ῍ ԅ10 ̆ף

ҹԅ ̆ Ҭ ᵀ ṿ y ҉Ạԅ ̆ ҹ 10 ף



ᵝ  

80 

ᵀ ṿ̆ ֓ṿӞ ᶛҬȂ ץ ₮̆ ̆ 4 ף

ᵀ ṿ₃ӍҌῬ Ȃ ᵝ ԍ 1 mm̆ ᴺ ṿ ԍ 0.12ï

0.20 m̆ ғҍ ṿ ῏Ȃṿ ̆ 1 ף ᵀ ṿ

ԍ ṿȂ ԍᴺ ᵝ ̆ 1 10 ף ᵀ ṿӊ №

≢ 0.04 mm0.007 mץῤȂ ₮ ᵀ 4 ף Ȃ 

GPS/BeiDouᵝҍᴺ ᵀ  4-3  4-7Ȃ ֓ ԅ

ץ̆ ҍ ῏ ȂҌ Ҍ ₮̆

Ḃ ’Ȃ 

 4-3 ̆ ᵞԍ40Á ̆GPS ᵝ ᵀ

ⱴ Ҋ Ȃל ԍ40Á ̆ ₃ӍҌ ғ 1 mm

Ȃ  4-2 ₮ԅ ԍ40Á ĞPS/BeiDouṿ ṿȂ

ԍ40Á ĞPS L1 L2 ᵝ ṿ №≢ҹ0.911.07 mmȂ

L1 L2 ᵝ ץ L̆2 ᵝ ṿ ᵞԍL1 ᵝ ṿȂ

ԍ30Á ̆L2 ᵝ ᵞԍL1 ᵝ ̆ ԍ30Á ̆L2 ᵝ

ᵞԍL1 ᵝȂL1 L2 ᵝ ṿ ҹL1 L2 ᵝ

Ҍ ̆ №≢ҹ0.190.24 mȂ Ҍ ץ ̆ ԍ40Á ̆

Ҍ ₃Ӎ ̆ ᵞԍ 40Á ̆Ҍ Ȃ

֓ ̆ ̆ №≢ Ҍ ȁҌ ̆ ҍ

Li (2016)ѿ Ȃ 

 

 4-3 GPSᵣ ẅ ᵆ  

 4-4 ₮ԅ GPSN ṿ Ȃҍ ᵝ ᵌ̆ ᵞԍ 40Á ̆

GPSN ҍ ῏̆ ⱴ̆ ᵀ ṿ0.6׆ m⁞ ⌠0.2 mȂ

ԍ40Á ̆ ₃ӍҌ ̆ 0.13ï0.17 m̂  4-2̃Ȃ

L1 L2N ץ ̆L2N ѿ L1N ᵞ,Ӟ GPS C1
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ᴺ P1N ̆ᵖ ҉P1 ԍC1̆ Ҍ ≠

ᵝ C1N ԅ Ȃ ץ ̆Ҍ

ל № ᵌ̆ ṿ Ȃ 

 

 4-4 GPST ẅ  

 4-5 ₮ԅBeiDouβ ṿ ̆ ⌠҈ ̆ GEO (C01ï05), 

IGSO (C06ï10)ץ MEO (C11ïC14)Ȃ Ҭ ץ ₮̆GEO ԍ

3ÁȂ 5 GEO Ҭ̆C03 C01 ̆№≢ ⌠54Á 45ÁȂ ң

ᵝ ̆№≢ ҹ1.31.5 mmȂҍC03 C01 ̆C02 C04 ң

ᵞ̂№≢ҹ41Á 29Á̃̆ №≢ ҹ1.41.6 mmȂC05

ᵞ̂ ҹ21Á̃̆ῒ ᵞ ғ ̆ ҹ2ï5 mmȂBeiDouIGSO

MEO ᵝ ҍ ῏̆ ’Ҋῒ ԍGEO Ȃ

ԍ40Á ĬGSO MEO ᵝ 0.8ï1.3 mmȂ ԍ

40Á ̆ BeiDouB1 B2 ᵝ ṿ№≢ҹ1.161.26 mm̂  4-2̃Ȃ

B2 ᵝ ᵞԍ B1 ᵝ̆ ҍ GPS ’ ᵌ̆ B2

B1 ȂҍGPS ̆ ԍ40Á ̆BeiDou ҍGPS ̆

ԍ40Á ̆BeiDou ԍGPSȂ 

BeiDouᴺ  4-6̆ ץ ₮ ’Ҋ̆GEO ᴺ

ҍIGSO MEO ѿ Ȃ ԍ BeiDou ̆ ԍ40Á ̆

ᴺ ⱴ Ȃ ԍ40Á ̆ᴺ ԍ ̆B1

B2N ҹ0.14 mm̂  4-2̃Ȃ ԍ40Á ̆B1N ᵞ

ԍB2ȂҍGPSN ̆ ԍ40Á ̆BeiDouҍGPS ̆

ԍ40Á ̆BeiDouᴺ ԍGPSȂ 
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 4-5 BeiDour ẅ  

 

 4-6 BeiDouᵀ ẅ  

 4-2 GPS/BeiDou40Áװҏ ẅ ẅЃ ᵣЕmmЄ 

GPS L1 phase L2 phase L1 code L2 code 

 0.91 1.07 131.05 172.53 

BeiDou B1 phase B2 phase B1 code B2 code 
 1.16 1.26 142.23 141.22 

҉ץ⌠ ̆ ױ ≠ץ ҍ ῏ ₱

̆ ץ Ḃ ԍ GNSS Ȃ ₱

Eueler and Goad (1991)₮ ₱ ץ Parkinson et al. (1996)₮ ₱ Ȃ

̆ ױ Eueler and Goad (1991)₮ ₱ ̆ῒ ҹ 

0 1 0= exp( / )a as q q+ -        (4.34) 

ῒҬ̆sҹ ṿ ‰ ̆qҹ ̆ 0qҹ ̆ 0a ȁ 1a

0q Ȃ 














































































































