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cg(t):cf(o)+/c§(r)n(r)dr Q(t) =[whs(t) <]
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John E. Bortz

Q 19694, John E. BortzZE i3 Hi¥
WMES TEYREREN S HE (Bortz
B, AR AR LR REY
MEREMNEARANN, BETENEEX
ESTHEZNIELEM,

Q “Before his work in the early 1970s, strapdown was
widely considered as something with possible promise
“maybe, if only it could ever come out of the lab-&-
theory realm” and into operation. Technological |
capabilities we take for granted today were far less John E. Bortz
advanced then; among the many state-of-the-art (1935-2013)
limitations of that time, processing speed is a glaringly
obvious example. To make a long story short, John Bortz
made it all happen anyway.” — James Farrell

Bortz, John E. "A new mathematical formulation for strapdown inertial navigation." IEEE transactions on
aerospace and electronic systems 1 (1971): 61-66.
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[0.5¢ wrn:{ — oy /(Rag + 1) }
—vptang/(Ry+h)

O STEP3: I+ EHFTESMITH
___a(d—¢?)
@y =aqrit2y o g o gty {R” V(1 —esin’p)?

O STEP4: M EFEMES T TII— LR S e
G i-0,1,2,3
V @ +al+as+ a3
© Dr. Xiaoji Niu, Nav. Group, WHU 59

REEFHEERG (AT AHED

0 EFE n RASER, RUHNESRERTRTA
q;
0 2HE
0 @' (k1) BI—BRIEES
a A6, A6 HEIRAI—HZIMEERAEEMHEH
Q fFRE
0 «'(t) HEERHNES

0 AT AR, ESHBETETRESHTHENT
EfeE BRI

qb"&*f =q, (k 1) © qb(k 1)> o qb((lf) g
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AT 43
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dv
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=f—w.Xv+g,

%}‘ =f— 2w, +w.,)Xv+g,

dv

|,

n

=f"— 2wl X"+ g}
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*Tips

dr| _dr
dt|, dt,

67

0 RMESMARE LRMESMEE TMEEITAIEE S (FE5I
NMEE) NEEASENLERA (CEHNEERTEZ
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0 REEHMIERBEEMDHIE, HESHAHNIRES
B —ERUIRE 2 B E B HEX R
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=Cp(tp_1)Av () + C?(t’“")[zAg(t’“)xJ Av ()

=Ci(t )M (8)+ 5 it ) AB (1) X Av (1) +7
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Q FEH/EKIRSIR ’ overview vi=uvi_i+Av}+ Av).,.

e
AV = / [g; — (2w +wi) X v"]dt
tk*l

0 BRI ROFHM, BREKRBEREREELEE; HE
Ffr 75 B0 B A%k 4R A A SR A Rl s rh B AR R B AL B AN IR B

) Aty
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- n 1
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R @y —12 AL At=t,—t,

a RERE: a1 g) — (2wl Fwi)X v,

4 ) -, vptang |”
*Tips: wh=[w.cosp 0 —w,sinp]” w;:l:[ £ N _ Y w}

Ry+h Ry+h Ry+h
Ry= FHEREEE, R,z PHESEFE
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QO STEP 1: Z&&EEMFS
b, v
Avj = / P F W dt= / Chil ) Cit =N Cy V() dt
t_y 1
I—’%ilﬁ et T AL
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b1 ti—y
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o WA, AE
§ 1 e
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sop2 [ ot s
oD — sing (t) 1—cos¢(t) 5
Co =1+ 5(2) [¢(t)XJ+7¢(t)2 [o(2) x]
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0 SEAKLIES: WHEREFREM/ N BERE, FN2RKERX
hEYRREREH_MNNE, TRE
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0 JEUANIES: BERUEE REIEAFIR AL SR T
CiE TV =1+[A0(t)X], tc[timy t]
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t, . .
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2mE Ab,_,, Af,, Av,_,, Ay,

AG(t):/t wh(T)dr, Av(t):/t fi(r)dr
O BREERLAEEFEENRSR svi=su+ [ 800)x 0
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=Cp (whX) — (@ X)Cp
=[I—(¢X)]C; [(wh + bwiy) X]—[(wi, + bw},) X] [T — (¢ X)]Cy
=G} (wfy X) + Cf (6w}, X) — (¢p X) Cf (wfy X) — (¢ X) C (6w X)

= (wh X)Cy + (Wi, X) (@ X)Cy — (bwin X)Cp + (6w, X) (¢p X)Cy
=~ Cy (wh X) — (wi, X)C} — (¢ X) C (w}, X)

+ G} (bwi; X) + (wii X) (¢ X)Cp — (bwi, X)Cy

o
=3
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ZERERENES (8D

0 Step 1: MESREEXXEEKRS, 7

3 d - d
Ci=,C= E([I*(cb X)ICP) K55 R iE 49T Eakb

=-(¢X)Ci +I—(Xx)]Cp

=—(¢X)Cp +[I— (¢ X)] [Cp(wh X)— (wh X)Cy]

= (@ X)Cp+Cp(wh X )— (wh X)Cp — (¢ X )Cr(wh X)
(@ X)(wi, X)C}

Tips:  C;=[1-(¢x)|C;» € =C; (@} %)~ (@) x)C;

© Dr. Xiaoji Niu, Nav. Group, WHU 94

BSRERENHES (80

Q Step 3: 4 € WANEERES

*Tips: (v" ><) =Cf (v" x)(C:)T

Cp=—(pX)Cy 4 Cp(wh X ) — (wp X )Cp — (¢ X )Cp(wh )
+ (¢ X )(wi X)Ci
= C} (wi, X) — (wi, X)Cf — (¢ X) Cy (w}y X)
+ C} (5w}, X) + (wii X) (¢ X)Cp — (6w, X)Cy

T

O FLATRER(C) , ZEIBE

~(X)+ (X)) (wih X )= Cj (8wl X)C, + (Wi X) (¢ X) — (6w} X)

o ZEE
(@x)=(dx)(wi X) = (wh X )($x) — (6w X )+ (bwis x)
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EBRIRERENES ()
0 BRI

(6 X)=(dX) (Wi X) — (Wi X) (@ X) — (6wl X) + (6w X)
=[(p X w}) X]— (bwi; X) + (6w, X)
0 ¥ EREEEXEREELR, A
(ﬁ:fw,"nxdﬂréw[;féwfb
=-wl X @+ bwl — Cpéw),
0 EX éw), =da), +da, , Hoa.oa),=L(0r »"), FILE
SIREANEE SHATERERIREENE MR

by =L(87", S0, ¢, 6f°, dwh)

*HEESRERR, METH
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EERERENES (8D
e " =Cp ' — (2wl + wl) X v" +g]

V"= 0" + 60"
=Ci f'— Qi+ wh) X v" + g5
=[I—(X)IC (' +6f")—

(2w + wi + 26wi + dwi ) X (v" + v™) + g, + bg;
~Cpf'+Cpft — (o X)Ci f* — (2wl + wi) X v" + g;
- (2w Fwi) X ov" — (26w + bwi) X v" + bg,
0 BE, 75
0" =Cp6f'+ f X — (2wl + wl) X bv"
+v" X (26w} + bw) + bgy BREHAYIEES X

" =CpfP— (200 + o)X 6" + gr
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REIRERENES
a B#rk
so" ()= L(ér", Sv", ¢, Sf°, b6wh)

o ESHNES

o REMSHE

" =Cp f'— 2wi+wi)Xv"+ gy

0 HESEK

o ko, BWRHF, BE—MIR
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ERERENES
0 @GEREMSHELR
T
S e S Un Vg B
[<P A hJ 7[RM+h (Ry+h)cosy UD}
0 MEHESEIRTH

P Un 1
bp = (RM+h)26h+ RM+h6vN

0 NEESBII

vptanp . Vg 1
(RN+h)cosgo6¢ (Ry +h)2cos<p6h+ (RN+h)cos<p6UE

0 MERESBEMHSR

S\ =

8h = - 6vp
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NEIREHIERES
0 nRTRERENMS HIERHR
O EESSE Y

. Up Un
oy = RM+h6TN+ 7RM+h6rD+6’UN

. UEtan(p o UD+1}Ntang0
67'5'* RN +h 67’]\] RN +h 6""5'

(Z3]
+ RN+h67"D+6'UE
6’;'D - 6’[)D
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RREFIRERR (&)

oo so

0 EREFREEE — RN IMUR) = SR RS RS — 5

O IEERIR R E R R I T R SRR —
PGP
by(1) == b,(8) + (1)

g

b.(t)=-

L b (t) + wa(t)
Tab

5,(8) = —s,(t) +w, (1)

gs

8u(8) = — L 8.(t) +wan(t)

as

0 RRBREREASHERE
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R EIREEIR
O [ElZiR =R R
wh=0+s,)w)+b,+w,

b ~,b b b
bwyj, = wjy — wi = s,wy, + b, +w,

0 MEEIHRERE
Fr=0+s)f" +b,+w,
Sf'=f"—f'=s.f"+b,+w,
O JHERBIREHI TR
0 KENLEE. BEHLEE. —MEHDRRXITE
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EIIRSIRERE

0 BERBREFEDNGTANRSRENSHE, &

o [F Lo 0 0 0
R R eyx) 0 o |[er
J F, F, -(wiX) -Cj 0 6;"
= -1
b, 0 o 0 Tl 0 b,
b, 0 0 0 0o i, |th
L Tab J
To 0 o0 0
0o cgc o o ||
+l-cc 0o o o ||™
0 0 L., 0 ||
Lo 0 0 L=
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iﬁf'f“El’JI‘E*E" RERE (8)

Up 0 vy
T Ru+h Ry +h
F.,=| wvgtany _ vp+ouytang Vg
Ry+h Ry+h Ry+h
L 0 0 0
—2upw,Co5p visec’p 0 wyvp _ vitang
Ry +h (Ry+h)(Ryx +h) (Ru+h)* (Ry+h)?
F— 2w, (vycosp —vpsing) + vy vpsec’p VpUp + vy vUptang
e Ry+h (Rur +h)(Ry +h) (Ry+h)
2w, vpsing 0 - v _ v} 2g,
Ry +h (Ry+h)? (RMM)Z v/ Ry Ry +h
Up _ . vptanp Uy
Ry +h Z(W"S‘W T Reth ) R +h
_ - vptany vp +uytang
F,,=| 2w.sinp + 7}2{\«' Th 71? Th 2w, cosp + 7 + n
2uy
B+ 2<w cos¢+R +h) 0
_ w.sing 1
Ruth O Einy O Eean °
Uy 1
F, = 0 0 - F, )
# (Ry+h)* | 77 Ry +h 0 ¢
_ w.cosp wEseczw 0 - vptang 0 _ _tangp
Ry+h (Ru+h)(Ry+h) (Ry+h)? Ry+h
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@it @..

ARE IR FIRETT I A

IRFRERIZNIEHR
0 ERNIRSRELCE

RFIRETESHFNENZREBEX, MREMEESHE
FRERERINT, SEFEIESR.

0 RIEEASMMARGRESHE

FREIRERT 2
bz (t)=F(t)éx(t) +G(t)w(t)

]

0 EMAAESMITRITERULE, RERE—SEH
MR RIR AR T S AL ALIE
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FEEIRFIRERIED T
wi=[wy wp wp]

O iEEF; %T&QH%‘E% : =[w.cosp 0 -w,sinp]™

- (UEBHEM
o Blk:v"=0 fr=-g"
o BAZEXEZERmM, Rn=R

0" =Cpof'+ f X p — (2wl + wli) X bv" + v" X (26w + dwlt) + bgr
#l: k@R EIREFTAERL

. [2vpw.cosep visec’p } { UnUp vﬁtamp}
oin=-| e MR oo

* (R Th?  (Rwth)
vgtan
+h)‘$”E Ry +h +h

—L2 by — 2<wsm + — fobe+ fedp+ 6fy

Rur +h
Oy =2wpbvp + gpr + 6fn
LR 0= -2wpbuy +2wybup — gdn + 6fr
80p = 29671 /R — 2wy bup + 6fp

108

27



PREERFIREFEDT

O 1&315&%%5{%7?*;%1{ P = —wl X 6r" + 60 X v" + Sv”

« IERBHEHN
. §§_|J::'Un:0 f":*y"
+ HIZEF4ERm, Rn=R

Up

B = = g O+ R;”ihﬁrpww
Sip = ET: Sry — 22 ;:szn“" 15+ g 010+ 80
6rp=bvp
67."N = 5’UN
4
RRER by —obus
67'"[) = 6’UD
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\E Ay
FREEIRSIRERFE S
O EpdtmBEiRERE
5:EN:[6’I‘N 6’[}]\/ ¢E 6fN 6wiT[L,7E]T % 5
TN = OUn

Sy =2wpdvp + gpr + 0fn

BRAHFERR Of, =0 iy, =0 , . R — iy + o — 8ol

2 H4EEH X, 6oy (t) =F(t)bxy(t) fvp= 0
- _ dv=0, ¢p=0
0 00 0
0 0 g 0 iy = uy

i£F F(r)=|0 —% 00 -1 bin = g¢s+bfw

by =—bv R — bwi,

0 0 00 0 i i "
0 0 0 0 0]
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PREERFIREFEDT

‘Z’N:

0 ZRRERS HIEEWK
- [LERBHEHM

e Flb:v"=0 fr=-g"

o BHEEEZERm, Rn=R

b =-wi X ¢+ bwi, —w))

Bl: MERARERE

_ wsing Vg 1 _ . vptany Un .
RM+h6T”+ (RN+h)26“’+ RN+h6vE (wcsm<p+ RN+h)¢E+7RM+h¢D wiy n

¢N = UJD(STN/R AP 6115/R AP UJD¢E - 6winb,N
RALEER éSE:76UN/R7“’D¢N+WN¢D7&")£,E
d)D = - wybry /R — tanbvy /R — wy dp — bwi p
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FEEIRSREFED

ory

O ErdtERIEIREEE 7‘;%"5;‘::‘5%
n RIS ok(1)=F()ox() RENDE

Laplace## ox(7)=L" {(sI —F)_1 5x(0)}
WL E Ldtx’ﬂ%“ﬁﬁ;_J
RER R EM
-k S OSSR
+ R\ leRER g
REA o= R
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JemAIERZE (m)

REEIRFIRERIED T

0 tEIERENE GE )R

1000 ‘ ‘

|
84 min 1

|
|

1000 — - — — — — : 777777 - TR S TG H
| |

| |

20001 - — - RGHIE, HE0° UONC
— VR % = 0.1 m/s

— W {E A fy R 2E = 5"

-3000H — At & % = 10 mGal
— 7R ] BB 1 F W = 0.01 deg/h| 1

0 1 3
A N
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AEEIRSRERFED

0 R R

5/[]N — g¢E aF 6fN

0 JtEIRERE
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b5 =~ buy /R — bw} 5

15

+ & e Lo 2N sing =z 57+ 57
FRE R SIRESF A e
cosz:17§+ﬁf"'
0 FEEEdLEAL E IRE ST .= VR
ra () = w0+ T gy, R(1— coswt) e+ T2 o1 4 R (FDEL g5,
sinw,t

EZECEALE Y &7 F

vy, 0 = O, ot

AP AR E R(lfcosa)st)gzﬁE%%g(/ﬁEt2

AL sg © 1— st 1
etk K iR £ %m ~ 5 6fut?
sinw,t . 1 N
'ﬂﬁ‘ﬂ’/ﬁ:\@l‘zﬂﬁé R(T 7t)6wzb,E% g!]‘swib,EtS
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FEEIRSREFED

0 ﬁ%%}]éﬂﬁ_\z (Schuler eﬁect;évk,(t):zivk,(O)C()s( g/Rt)—ﬂgRﬁw,Z,E sin( g/Rt)
0 JbEREEE: KEEERFEIRENZNS, FHEZtE
MEEINERERNTE, AIE
i + - 6oy =~ gdwi.
0 tEERERESHNAREREE—EER—XBERE
ZHiRE RS, BLERIEFIREEZMNS SRR,
B LR FEFAFSRGIRZ EAHAA84 min, BEIEFE)

B,
8 8 2r f. = £ - \/g
FERN SRR F A l_' VR+h VR
x"+E x=0
! £72p9m %, Schuler Frequency
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BEEIRSIRERFESH
0 #F#IMEL (Schuler effect)
0 KERER
Oy =0, Oty =8ty By =0 —00,

iz g 51';/01\

o/
E F3E %

s —(3) B] (E)y— o
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AEEIRSRERFED

0 SiREE 86 = — 2gh/R — 2wy v + 8f
Sh=—bvp
KHAEREN B S -

6h = — 6bp = 2g6h/R + 2wy 6v; — bf
KSR ERY A, F

Supy . 2wy bvg — 6fp
N sinh(y/2 w,t) + T awr

[cosh(\/iwst) — 1}

cosh(v/2w,t) ~1
sinh(y/2w,t) ~y/2w,t
cosh(v/2w,t) — 1~ w?t?

6h (t) = 6hocosh(v/2w,t) +

AEER (RKXF1/4653HAH)

Sh (t) = 6ho + Supot + wy bvgt® — %6]‘,3752
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REEIRFIRERIED

O &8N (Schuler effect)
0 REEEIREEE: MRERERERS, HREED
MREITNEIREAEE, 7F
OV +%5VE = 80w, y
0 REEERESHRARERAE—ERE— I THER
MRS RS, BERIEFIREE MM S FIEHR,
R LR A HIEABRGIRFAIL R84 min, BIEFEH

.
g g
2 = ~ —_
?f; R+ J;

47190 %, Schuler Frequency
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MEEIRSREFEDT (B

0D ARSSRERE, EEMUEREHNEFRSM,
BERZFHR
Vem il BRZEEMERE T FRAD

2

bT2/2)

h T
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RFREDHELE

O AR MR SIRE
n ARUNMRSRGMHIRE, BEHSIAIMNINE
n RGMREFEAMERE U TRACZETRSI
EEHNIREIN
n ARAERSEMNSESRE
o VENEE CGNIEEH, CUPT)
O REMNEERTE (ZUPT)
O ESNEE
n ATFAIFINSRGMIRENSE
O F/REJEH (Kalman Filtering)
O BhZ#lE& (Curve fitting)
O HtREGE nmEmEs)
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BiR1: EASFIENRBEER R

O DCM in terms of quaternion

m O
9
N 9,
q, =
q,
q;
m i

QO2+‘]12"]22"]32 2(9,9,- 9,95 ) 2(9,95%9,9,)
C,=| 2(q,9,%4,9;) qoz'q12+q22'q32 2(9,95- 9,4, )
Z(qlqj_qt)qz) 2(q2q3+qoq1) qaz'q12'q22+q32
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BiR1: EASFRIENRIHEES B

O DCM in terms of Euler Angles
m BRAIABFSY
[
EulerAngles=| 6,

U
m iR

cOcy  —cohsy +sgsOcy  sgsy + chsOcy
C,=|cOsy cocy +s¢sOsy  —spcy + cPsOsy
—s6 spcl cgcl

s =sin; ¢ = cos
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BiR1: EASFENRBEER R

O DCM in terms of rotation vector

m fEERE
B
¢nb: ¢nb,y
G-
m i
i uo g Lol
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BiR1: EASFRIENRIEES B

O Quaternion in terms of Euler Angles
m BRAIABFSY

¢nb
EulerAngles=| 6,

'//nb
m BEHRE .
cosgcosgcosﬂvLsingsingsinZ
2 2 2 2 2 2
singcosgcosz—cosésingsinK
q = 2 2 2 2
b

p. 0 wv . 0.y

€OS = 8in — €O —+sin = cos — sin —
2 2 2 2

vy 9.0 v

6 0. 4
COS—COS—SIN——SIn—S1n —CcoS—
20 2 22 2]
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BiR1: EASFIENRBEER R

O Euler Angles in terms of DCM
s DCM

cOcy  —cosy +spgsOcy  sgsy + cgsOcy
C, =|cOsy cocy +s¢sOsy  —spcy + cPsOsy
—s6 s¢cl cpcl

. R .
#,, =tan™ C—“ (-m<dp<m)

0, =tan™ "G (-m/2<0<m/2)

VCL+C5

1 Gy
Cy
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W, =tan

BiR1: EASFRIENRIHEES B

O Quaternion in terms of Rotation vector
m JEERE

¢nb,x
¢nb = ¢nb, y
¢nb,z

m

cos||0.5¢nb||
g, =| sin ||O.5¢n,,||
[os4.]

© Dr. Xiaoji Niu, Nav. Group, WHU

054,

BiR2: Kt EEALHIR

O HBKIREIRE RS

MoK AR R AL 1 B BERE TR, BESE Bk BO IS R FI K
NERFFHENANERLASH(RMRTER), BE
R TR RS HORE XBIF .

= K a r=2b

SR b “
n HEREE f e=Ya=b
" HERE— RO -
" WEREROE ¢ o= “b‘b
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BiiR2: Kbl EEALHIR

0 WGS84#TkE

K4 0 = 6378137.0 m;

¥52E4hb = 6356752.3142m;

RES= 1/298.257223563;

Ik B3 AIERE o = 7.292115X 10 rad/s;
E—RILEFE T (e2) = 0.00669437999013;
FE_RLEREF(e2) = 0.006739496742227 ;
WIS HEH (EXEE)

GM = 3.986004418 X 104 m3/s2;
WEEKIE 8 F H1L U0 = 62636860.8497 m?/s?;
FRBIEEES = 9.7803267714m/s?;

m S| LIS FR ) = -484.16685X 10°F;
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BifsR2: RtlEEaEIR
O MEKHERE LR JLM R RS2
s FHEfRYEE (EfRER)
a(l-e®)
(1-e*sin’p)
n NEERHERYEE

Ry, = 32

a

R =
\/(1 —e’sin’p)

N
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PiiR2: Kt EEALEHIR

O 2000[E ZR K3t A 45 R TR S #(CGCS2000)
m K = 6378137m;
m RES =1/298.257222101 ;
m MIKEEAEREE = 7.292115X 105rad/s;
n MBS HEBGM = 3.986004418 X 1014m?3/s2
O GRS80IkE
K¥4H 0 = 6378137m
G4 b = 6356752.3141m
kB AIRE = 7.292115X 10-5rad/s
HEkS| 1 E B GM = 3.986005 X 1014m?3/s?
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FtR2: Kbl EEAhEIR
O MEHHE— S EREE FRITE

2 a2 i 2
}/(h,(p)—]/((p)[l—;(Prf+m—2f sin (p)h+ pE h ]

_ a]/acosz(erb]/bsinz(p _ wfazb
7((/))7\/ 2 2 o2 M7 GM
a“cos‘p+b sin‘p

¢ REE; hAKME; «RMIRERKCEMKE; VAEYHMKE; /
AMIRRE; wAMIKBRMIRE; CMAMIKSINEY; 7., 7, 75
RFREMR LR ESE. BT GRS8OMIKH

@ = 6378137.0 m GM = 3.986005 X 10" m* /s>

b=6356752.3141 m 'y,,,:9‘78032677157n/32

®,=7292115x107 rad/s vy =9.8321863685m/s°
f=1/298.257222101

Ref: Jekeli C. Inertial navigation systems with geodetic applications[M]. Walter de Gruyter,

2001.186-189. © Dr. Xiaoji Niu, Nav. Group, WHU 132
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